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Abstract. Integrable deformations of type IIB superstring theory on AdS5×S5 have played
an important role over the last years. The Yang–Baxter deformation is a systematic way
of generating such integrable deformations. Since its introduction, this topic has seen
important conceptual progress and has among others led to the intriguing discovery generalized
supergravity, a new low-energy effective theory.
This review endeavors to not only introduce the historical development of the
Yang–Baxter deformation, but also its relation to generalized supergravity, non-geometric
backgrounds, non-abelian T-duality and preserved Killing spinors. We supplement the general
treatment with a wealth of explicit examples.
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1. Introduction
The integrability of type IIB superstring on the AdS5×S5 background∗ [1] has led to many
important advances as it allows the application of highly developed techniques from integrable
systems to a variety of string-theoretic problems (see [2] for a comprehensive review of this
subject). Finding deformations of AdS5×S5 which retain the property of integrability allows
us to further expand the reach of such techniques to more and more string backgrounds. While
at first, integrable deformations have been found on a case-by-case basis, finding systematic
ways of generating integrable backgrounds has become more and more important.
The Yang–Baxter (YB) deformation [3–6] is such a systematic way of performing
integrable deformations of two-dimensional principal chiral models and symmetric coset
sigma models, and can also be applied to the AdS5×S5 superstring [7, 8]. The
deformations can be labeled by classical r-matrices satisfying the classical YB equation. It
is possible to derive the associated deformed string backgrounds by performing a supercoset
construction [9–11]. In recent years, our understanding of these integrable deformations has
undergone a lot of progress. This review endeavors to put YB deformations into the context
of these recent insights, highlighting their connections to generalized supergravity [12, 13]
as well as understanding them as string duality transformations [14–22] and relating certain
subclasses to non-geometric fluxes [23]. At the same time, we give a comprehensive list
of explicit examples of the various types of YB-deformed backgrounds which have over the
years appeared in the literature.
We start out in Section 2 with the very basics by introducing the AdS5×S5
superstring [24] and its most important properties such as e.g. its classical integrability [1].
After this, we develop the YB deformations of the AdS5×S5 superstring [7, 8] in Section 3.
After giving the action on the YB-deformed AdS5×S5 superstring (Sec. 3.1), we show its
classical integrability (Sec. 3.2) and κ–symmetry (Sec. 3.3) [7, 8] and discuss YB-deformed
backgrounds from the Green–Schwarz action [9–11] (Sec. 3.4). Next, we introduce an
important recent development, namely generalized supergravity [12, 13] (Sec. 3.5). Whether
a given r-matrix encoding a YB deformation gives rise to a supergravity solution or a
solution of generalized supergravity depends on whether or not it satisfies the unimodularity
condition [25], discussed in Section 3.6. In Section 3.7, we classify r-matrices according
to whether they are Abelian or non-Abelian and their rank. In Section 3.8, we show
that YB deformations can be beautifully reinterpreted in the framework of string duality
transformations [21, 22]. To do so, we include a brief review of double field theory [26–
32]. After having developed the general theory, we introduce a number of examples of
homogeneous YB-deformed AdS5 × S5 backgrounds in Section 4. Section 5 focuses on
YB deformations of Minkowski [23, 33–36] and AdS5 × S5 backgrounds. We show that
the deformed backgrounds we considered here are T -folds [23], a particular class of non-
geometric backgrounds, again providing a number of explicit examples. In Section 6,
we finally turn to the interplay between integrability and preserved supersymmetries of a
deformed background and present a formula for determining the preservedKilling spinors [37,
38]. In Appendix A, we present our conventions and in Appendix B we collect useful
formulas on the psu(2,2|4) algebra.
∗ This system is often abbreviated as the AdS5×S5 superstring.
Yang-Baxter deformations and generalized supergravity 3
2. The AdS5×S5 superstring
In this section, we will briefly review some basic facts on the AdS5×S5 superstring. For a
comprehensive review, see [39].
2.1. Metsaev–Tseytlin action
The dynamics of the superstring on the AdS5×S5 background is described by the supercoset
PSU(2,2|4)
SO(1,4)× SO(5) . (2.1)
The corresponding action in the Green–Schwarz (GS) formulation has been written down by
Metsaev and Tseytlin [24] and has the form
S=−T
2
∫
dτ dσ Pαβ− STr
[
Aαd−(Aβ )
]
, (2.2)
where T ≡ R2/2piα ′ is the effective string tension and R is the radius of AdS5 and S5. The
P
αβ
± are linear combinations of the metric on the world-sheet γαβ and the anti-symmetric
tensor εαβ ,
P
αβ
± ≡
γαβ ± εαβ
2
. (2.3)
We work in conformal gauge γαβ = diag(−1,1) and normalize the epsilon tensor as ετσ =
1/
√−γ . A is the left-invariant 1-form for an element g of SU(2,2|4) defined by
A= g−1 dg , g ∈ SU(2,2|4) . (2.4)
It satisfies the Maurer–Cartan equation
dA+A∧A= 0 . (2.5)
Given the projection operators P(i) (i = 0,1,2,3) on each Z4-graded subspaces of g ≡
su(2,2|4), the projection operators d± are defined as the linear combination of the P(i)
d± ≡∓P(1)+ 2P(2)±P(3) , (2.6)
satisfying the relation
STr[X d±(Y )] = STr[d∓(X)Y ] . (2.7)
If we expand the left-invariant 1-form A as
A= A(0)+A(1)+A(2)+A(3) , where A(i) = P(i)(A) , (2.8)
the action (2.2) can be rewritten as
S=
T
2
∫
STr
(
A(2)∧∗γA(2)−A(1)∧A(3)
)
, (2.9)
which is the sum of the kinetic and the Wess–Zumino (WZ) term. The ratio of the coefficients
of the two terms is determined by the requirement that the action be κ-symmetric.
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2.2. Classical integrability
From a practical point of view, the property of integrability is of paramount importance, as it
allows the application of powerful computational techniques.
We will see that the equations of motion (EOM) of the action (2.2) and the flatness
condition (2.5) can be combined into a flatness condition for the Lax pair with a parameter u .
From the Lax pair, we can construct infinitely many conserved charges via the monodromy
matrix. In this sense, the AdS5×S5 superstring is classically integrable as shown by Bena,
Polchinski and Roiban [1]. In this subsection, we show the classical integrability of the
AdS5×S5 superstring by constructing the Lax pair explicitly.
EOM. Let us start with the EOM of the action (2.2). They are given by
E = Dαd−(Aα(−))+Dαd+(A
α
(+))+ [A(+)α ,d−(A
α
(−))]+ [A(−)α ,d+(A
α
(+))] = 0 , (2.10)
where Dα is the covariant derivative associated with γαβ and worldsheet vectors marked with
(±) are have been acted on with the projection operator Pαβ± ,
Aα(±) = P
αβ
± Aβ . (2.11)
The flatness condition (2.5) of A can be rewritten as
Z =
1
2
√−γ εαβ (∂αAβ − ∂βAα +[Aα ,Aβ ])
= DαA
α
(+)−DαAα(−)+[A(−)α ,Aα(+)] = 0 .
(2.12)
For later convenience, we will decompose the EOM (2.10) and the flatness condition (2.12) on
each of the Z4-graded components. The bosonic parts are
B1 := Z
(0) = DαA
α(0)
(+)
−DαAα(0)(−) +[A
(0)
(−)α ,A
α(0)
(+)
]+ [A
(2)
(−)α ,A
α(2)
(+)
]
+ [A
(1)
(−)α ,A
α(3)
(+)
]+ [A
(3)
(−)α ,A
α(1)
(+)
] = 0 , (2.13)
B2 :=
1
4
(E (2)+ 2Z (2)) = DαA
α(2)
(+)
+[A
(0)
(−)α ,A
α(2)
(+)
]+ [A
(3)
(−)α ,A
α(3)
(+)
] = 0 , (2.14)
B3 :=
1
4
(E (2)− 2Z (2)) = DαAα(2)(−) − [A
(2)
(−)α ,A
α(0)
(+)
]− [A(1)
(−)α ,A
α(1)
(+)
] = 0 , (2.15)
and the fermionic parts are
F1 :=
1
4
(3Z (1)−E (1))
= DαA
α(1)
(+) −DαA
α(1)
(−) +[A
(0)
(−)α ,A
α(1)
(+) ]+ [A
(1)
(−)α ,A
α(0)
+ ]+ [A
(2)
−α ,A
α(3)
+ ] = 0 , (2.16)
F2 :=
1
4
(3Z (3)+E (3))
= DαA
α(3)
(+)
−DαAα(3)(−) +[A
(0)
(−)α ,A
α(3)
(+)
]+ [A
(1)
(−)α ,A
α(2)
+ ]+ [A
(3)
(−)α ,A
α(0)
(+)
] = 0 , (2.17)
F3 :=
1
4
(E (1)+Z (1)) = [A
(3)
(−)α ,A
α(2)
(+)
] = 0 , (2.18)
F4 :=
1
4
(−E (3)+Z (3)) = [A(2)
(−)α ,A
α(1)
(+)
] = 0 . (2.19)
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Construction of the Lax pair. The Lax pair of the AdS5×S5 superstring is given by (see [1])
Lα ≡M(−)α +L(+)α , (2.20)
whereMα(−) and L
α
(+) are
Mα(−) = A
α(0)
(−) + uA
α(1)
(−) + u
2A
α(2)
(−) + u
−1Aα(3)
(−) , (2.21)
Lα(+) = A
α(0)
(+)
+ uA
α(1)
(+)
+ u−2Aα(2)
(+)
+ u−1Aα(3)
(+)
. (2.22)
Here u is the spectral parameter. The flatness condition of the Lax pair (2.20)
1
2
εαβ (∂αLβ − ∂βLα +[Lα ,Lβ ]) = 0 , (2.23)
is equivalent to the EOM (2.10) and the flatness condition (2.12). To see this observe that the
condition can be rewritten as a sum over the EOM
1
2
εαβ (∂αLβ − ∂β Lα +[Lα ,Lβ ]) = u0B1+ u−2B2− u2B3
+ uF1+ u
−1
F2+ u
−3
F3+ u
3
F4 = 0 .
(2.24)
Therefore, the Lax pair (2.20) is on-shell a flat current. We can then define the monodromy
matrix
T (u) = Pexp
(∫
C
dσ Lσ (u)
)
, (2.25)
where P denotes the equal-time path ordering in terms of σ , and C is a closed path on
the worldsheet. The flatness condition (2.23) implies that the integral is invariant under
deformations of the contour, which in turn means that T (u) does not depend on τ . Therefore
we obtain infinitely many conserved charges as the coefficients of an expansion in u of the
monodromy matrix.
2.3. κ-symmetry
The action (2.2) of the AdS5×S5 superstring is invariant under κ-symmetry [24], as we will
briefly show in this subsection.
The action of κ-symmetry is realized as a combination of the variation of the group
element g and the world-sheet metric γαβ ,
g−1δκg= P
αβ
− {Q1κ1α ,A(2)β }+P
αβ
+ {Q2κ2α ,A(2)β } , (2.26)
δκ(
√−γγαβ ) = 1
4
√−γ STr
[
ϒ
(
[Q1κα1(+),A
(1)β
+(+)]+ [Q
2κα2(−),A
(3)β
−(−)]
)
+(α ↔ β )
]
, (2.27)
where κIα (I = 1,2) are local fermionic parameters and we have defined ϒ = diag(14,−14) .
We first decompose the variation of the action into two parts,
δκS = δgS+ δγS . (2.28)
The variation δgS coming from the group element g is given by
δgS=
T
2
∫
d2σ
√−γ STr(g−1δ gE ) , (2.29)
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where E is the EOM (2.10). If we take g−1δ g= ε = ε(1)+ ε(3) with
ε(1) = P
αβ
− {Q1κ1α ,A(2)β } , ε(3) = P
αβ
+ {Q2κ2α ,A(2)β } , (2.30)
δgS can be rewritten as
δgS =
T
2
∫
d2σ
√−γ STr
[
ε(1)
(
E
(3)−Z (3)
)
+ ε(3)
(
E
(1)+Z (1)
)]
=−2T
∫
d2σ
√−γ STr
(
ε(1)[A
(2)
−α ,A
α(1)
+ ]+ ε
(3)[A
(2)
+α ,A
α(3)
− ]
)
, (2.31)
where we have used
E
(1)+Z (1) =−4[A(2)+α ,Aα(3)− ] , E (3)−Z (3) =−4[A(2)−α ,Aα(1)+ ] . (2.32)
By using the expression (2.30), we can rewrite each of the terms in (2.31) as
STr
(
ε(1)[A
(2)
−α ,A
α(1)
+ ]
)
= STr
(
A
(2)
−αA
(2)
−β [A
(1)
+α ,Q
1κ
β
+1]
)
,
STr
(
ε(3)[A
(2)
+α ,A
α(3)
− ]
)
= STr
(
A
(2)
+αA
(2)
+β
[A
(3)
−α ,Q
2κ
β
−2]
)
.
(2.33)
An arbitrary grade-2 traceless element A(2) of su(2,2|4) fulfills the relation
A
(2)
α±A
(2)
β± =
1
8
ϒSTr(A(2)α±A
(2)
β±)+ cαβZ , (2.34)
where Z is the central charge of su(2,2|4) and cαβ is a symmetric function in α and β . By
using the expressions (2.33), (2.34), δgS becomes
δgS =
T
4
∫
d2σ
√−γ
[
STr
(
A
(2)
α−A
(2)
β−
)
STr
(
[Q1κ
β
+1 ,A
α(1)
+ ]
)
+STr
(
A
(2)
α+A
(2)
β+
)
STr
(
[Q2κ
β
−2 ,A
α(3)
− ]
)]
. (2.35)
Next we study the variation δγS coming from the world-sheet metric γαβ . From (2.27), δγS
is
δγS =−T4
∫
d2σ
√−γ STr(A(2)α A(2)β )STr
[
ϒ
(
[Q1κ
β
+1 ,A
(1)α
+ ]+ [Q
2κ
β
−2 ,A
(3)α
− ]
)]
=−T
4
∫
d2σ
√−γ
[
STr
(
A
(2)
α−A
(2)
β−
)
STr
(
[Q1κ
β
+1 ,A
α(1)
+ ]
)
+STr
(
A
(2)
α+A
(2)
β+
)
STr
(
[Q2κ
β
−2 ,A
α(3)
− ]
)]
. (2.36)
Here, we used the relation
Aα±Bα = Aα±Bα∓ , (2.37)
where Aα ,Bα are arbitrary vectors. This variation manifestly cancels out δgS,
δκS = δgS+ δγS = 0 . (2.38)
We see that the action (2.2) is invariant under the κ-symmetry transformations (2.26), (2.27).
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2.4. The AdS5× S5 background from the GS action
Next, let us explain how to read off the AdS5×S5 background from the action (2.2).
2.4.1. The canonical form of the GS action. To read off the target space background from
the action of the AdS5×S5 superstring, we need to first introduce the canonical form of the
GS action.
The canonical form of the type II GS superstring action at second order in θ [40] is given
by
S=−T
∫
d2σ
[
P
αβ
− (gmn+Bmn)∂αX
m ∂βX
n
+ i
(
P
αβ
+ ∂αX
m Θ¯1ΓmD+β Θ1+P
αβ
− ∂αX
m Θ¯2ΓmD−β Θ2
)
− i
8
P
αβ
+ Θ¯1Γm Fˆ Γn Θ2 ∂αX
m ∂βX
n+O(θ 4)
]
,
(2.39)
where Γa (Γm = emaΓa) are the 32× 32 gamma matrices. The differential operators D±α are
defined by
D±α ≡ ∂α + 14 ∂αX
mω±mab Γab , (2.40)
ω±mab ≡ ωmab± 12 em
cHcab , (2.41)
where ωab = ωmab dXm is the spin connection on the target space. ΘI and Θ¯I are the 32-
component Majorana spinor and its conjugate (see Appendix B for details).
The metric gmn and the B-field Bmn of the target space can be read off from the first line
in (2.39). We can read off the dilaton Φ and the R-R field strengths Fˆa1...an from the R-R
bispinor Fˆ which is defined by
Fˆ = ∑
p
1
p!
eΦ Fˆa1...apΓ
a1...ap . (2.42)
If the Lagrangian (2.39) describes type IIB superstring, the summation runs over p =
1,3,5,7,9. Each R–R field strength satisfies
Fˆp = (−1)
p(p−1)
2 ∗ Fˆ10−p , (2.43)
where the Hodge star ∗ is defined in Appendix A. By comparing the action (2.2) expanded
in terms of θ to the canonical form (2.39), we can obtain the explicit expression for the
AdS5×S5 superstring.
2.4.2. Group parametrization. To derive the AdS5 × S5 background from the GS action,
we introduce a coordinate system via a parametrization of the group element g . We first
decompose the group element into bosonic and fermionic parts,
g= gb ·gf ∈ SU(2,2|4) . (2.44)
We parametrize the bosonic part gb as
gb = gAdS5 ·gS5 ,
gAdS5 ≡ exp
(
xµ Pµ
) · exp(ln(z)D) ,
gS5 ≡ exp(φ1 h1+φ2 h2+φ3h3) · exp(ξ J56) · exp(rP5) .
(2.45)
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Here, Pµ (µ = 0, . . . ,3) and D are the translation and dilatation generators of the conformal
algebra so(2,4). We define the Cartan generators of the so(6) algebra hi, (i= 1,2,3) by
h1 ≡ J57 , h2 ≡ J68 , h3 ≡ P9 . (2.46)
We parameterize the fermionic part gf as
gf = exp
(
QI θI
)
, QI θI = (Q
I)αˇαˆ θIαˇ αˆ , (2.47)
where the supercharges (QI)αˇαˆ (I = 1,2) are labeled by two indices (αˇ , αˆ = 1, . . . ,4) and
θIαˇ αˆ (I = 1,2) are 16-component Majorana–Weyl fermions. A matrix representation of the
above generators of su(2,2|4) is given in Appendix B.
2.4.3. Expansion of the left-invariant current. Next, we will expand the left-invariant current
A to second order in the spacetime fermions θ ,
A= A(0)+A(1)+A(2)+O(θ
3) . (2.48)
Now, since we chose the parametrization (2.44), (2.45), (2.47) for g, the left-invariant current
A can be expanded as
A= g−1f A(0)gf+Q
I dθI
= A(0)+[A(0), Q
I θI ]+
1
2
[
[A(0), Q
I θI ], Q
J θJ
]
+QI dθI +O(θ
3) ,
(2.49)
where A(p) is defined as O(θ
p) of the left-invariant current A, and A(0) is given by
A(0) ≡ g−1b dgb =
(
em
a Pa− 12 ωm
abJab
)
dXm . (2.50)
The vielbein ea = ema dXm has the form
ea =
(
dx0
z
,
dx1
z
,
dx2
z
,
dx3
z
,
dz
z
,dr,sinrdξ ,sinr cosξ dφ1,sinr sinξ dφ2,cosrdφ3
)
, (2.51)
and ωab = ωmab dXm is the associated spin connection.
Moreover, by using the commutation relations of su(2,2|4) (see Appendix A for our
conventions), each commutator in (2.49) can be evaluated as
[A(0), Q
I θI ] = Q
I
(1
4
δ IJ ωab γab+
i
2
ε IJ ea γˆa
)
θJ , (2.52)
[
[A(0), Q
I θI ], Q
J θJ
]
= i θ¯I γˆ
a
(1
4
δ IJ ωcd γcd +
i
2
ε IJ eb γˆb
)
θJ Pa
+
1
4
ε IK θ¯I γ
cd
(1
4
δKJ ωab γab+
i
2
εKJ ea γˆa
)
θJ dX
mRcd
e f Je f
+ (irrelevant terms proportional to the central charge Z) .
(2.53)
Here, Rabcd is the Riemann tensor in the tangent space of the AdS5×S5 background. For the
derivation of (2.53), we have used δ IJ θ¯I γˆa dθJ = 0 and ε IJ θ¯I γab dθJ = 0 .
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From the above calculations, the left-invariant current A up to second order in θ becomes
A=
(
ea+
i
2
θ¯I γˆ
aDIJθJ
)
Pa− 12
(
ωab− 1
4
ε IK θ¯I γ
cd Rcd
abDKJθJ
)
Jab
+QIDIJθJ +O(θ
3) ,
(2.54)
where we defined the differential operator
DIJ ≡ δ IJ
(
d+
1
4
ωab γab
)
+
i
2
ε IJ ea γˆa . (2.55)
In particular, A(1) , A(2) are given by
A(1) = Q
IDIJθJ , (2.56)
A(2) =
i
2
θ¯I γˆ
aDIJθJ Pa+
1
8
ε IK θ¯I γ
cd Rcd
abDKJθJ Jab . (2.57)
2.4.4. Evaluation of the bi-linear current part. Using the expansion (2.54) we obtain
1
2
STr
[
Aα d−(Aβ )
]
= ηab eα
a eβ
b+ i
[
eβ
a (θ¯1 γˆa ∂α θ1)+ eα
a (θ¯2 γˆa ∂β θ2)
]
+
i
4
[
eβ
b eα
a ωa
cd (θ¯1 γˆb γcd θ1)+ eα
a eβ
b ωb
cd (θ¯2 γˆa γcd θ2)
]
− eβ a eα b θ¯1 γˆa γˆb θ2+O(θ 3) , (2.58)
where eα a ≡ ema ∂αXm . Further using (B.36), (B.40), and (B.41), we obtain
1
2
STr
[
Aαd−(Aβ )
]
= gmn ∂αX
m ∂βX
n+ i
[
eβ
a Θ¯1 Γa ∂α Θ1+ eα
a Θ¯2Γa ∂β Θ2
]
+
i
4
[
eβ
b eα
a ωa
cd Θ¯1Γb Γcd Θ1+ eα
a eβ
b ωb
cd Θ¯2Γa Γcd Θ2
]
− i
8
eβ
a eα
b Θ¯I Γa Fˆ 5 Γb ΘJ +O(Θ
3) , (2.59)
where Fˆ 5 is a bispinor
Fˆ 5 ≡ 15! e
φ Fˆa1···a5 Γ
a1···a5 = 4
(
Γ01234+Γ56789
)
. (2.60)
This describes the R–R 5-form field strength in the tangent space of the AdS5 × S5
background.
The expression (2.59) implies that the action (2.2) takes the canonical form (2.39) of the
GS action. Therefore, the target space of the action (2.2) is the familiar AdS5×S5 background
with the RR 5-form
ds2 = ds2AdS5 + ds
2
S5
, (2.61)
eΦ Fˆ5 = 4
(
ωAdS5 +ωS5
)
. (2.62)
Under the parametrization (2.45) of gb, the metrics of AdS5 and S
5 are
ds2AdS5 =
−(dx0)2+(dx1)2+(dx2)2+(dx3)2+ dz2
z2
, (2.63)
ds2
S5
= dr2+ sin2 rdξ 2+ cos2 ξ sin2 rdφ21 + sin
2 r sin2 ξ dφ22 + cos
2 rdφ23 , (2.64)
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and the volume forms ωAdS5 , ωS5 of AdS5 and S
5 are given by
ωAdS5 ≡−
dx0∧dx1∧dx2∧dx3∧dz
z5
, (2.65)
ωS5 ≡ sin3 rcosr sinξ cosξ dr∧dξ ∧dφ1∧dφ2∧dφ3 (ωAdS5 = ∗10ωS5) . (2.66)
In the following discussion, we set the dilaton to zero, Φ = 0 .
2.5. Killing vectors
For later use, we calculate the Killing vectors Tˆi≡ Tˆmi ∂m associated to the bosonic symmetries
Ti of the AdS5 background. The Killing vectors on this background can be expressed as (see
Appendix C in [22] for more details)
Tˆi = Tˆi
m ∂m =
[
Ad
g−1b
]
i
a ea
m ∂m = STr
(
g−1b Ti gb Pa
)
eam ∂m , (2.67)
where we introduced the notation gTi g−1 ≡ [Adg]i j Tj . Using our parametrization (2.45), the
Killing vectors on the AdS5 background are given by
Pˆµ ≡ STr
(
g−1b Pµ gb Pa
)
eam ∂m = ∂µ ,
Kˆµ ≡ STr
(
g−1b Kµ gb Pa
)
eam ∂m =
(
xν xν + z
2)∂µ − 2xµ (xν ∂ν + z∂z) ,
Mˆµν ≡ STr
(
g−1b Mµν gb Pa
)
eam ∂m = xµ ∂ν − xν ∂µ ,
Dˆ≡ STr(g−1b Dgb Pa)eam ∂m = xµ ∂µ + z∂z .
(2.68)
The Lie brackets of these vector fields satisfy the same commutation relations (B.25) as the
conformal algebra so(2,4) (with negative sign, [Tˆi, Tˆj] =− fi jk Tˆk):
[Pˆµ , Kˆν ] =−2
(
ηµν Dˆ− Mˆµν
)
,
[Dˆ, Pˆµ ] =−Pˆµ ,
[Dˆ, Kˆµ ] = Kˆµ ,
[Mˆµν , Pˆρ ] =−ηµρ Pˆν +ηνρ Pˆµ ,
[Mˆµν , Kˆρ ] =−ηµρ Kˆν +ηνρ Kˆµ ,
[Mˆµν , Mˆρσ ] =−ηµρ Mˆνσ +ηµσ Mˆνρ +ηνρ Mˆµσ −ηνσ Mˆµρ .
(2.69)
3. Yang–Baxter deformations of the AdS5×S5 superstring
Enlarging the reach of integrability techniques to other models brings many calculational
advantages. A way of doing this is finding deformations of integrable models which retain
the property of integrability. Being able to do so systematically instead of working case-
by-case is a great advantage. The YB deformation provides a systematic way of generating
integrable deformations of the AdS5×S5 superstring. This section will give a comprehensive
introduction to this topic.
3.1. The action of the YB-deformed AdS5× S5 superstring
The action of the YB-deformed AdS5×S5 superstring is given by [7, 8, 41]
SYB =−T (1− c
2η2)
2
∫
d2σ Pαβ− STr
[
Aα dˆ− ◦O−1− (Aβ )
]
, (3.1)
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where c2 is a real parameter, η ∈ R is a deformation parameter and dˆ± are the modified
projection operators
dˆ± ≡∓P(1)+ 2ηˆ−2P(2)±P(3) , ηˆ =
√
1+ c2η2 . (3.2)
The linear operators O± are defined by
O± ≡ 1±ηRg ◦ dˆ± . (3.3)
For η = 0 the deformed action (3.1) reduces to the undeformed AdS5×S5 superstring sigma
model action (2.2).
R-operator and classical r-matrix. A key ingredient of the YB deformation is the R-operator
which is a skew-symmetric linear operator R : g→ g and solves the classical Yang–Baxter
equation (CYBE),
CYBE(X ,Y )≡ [R(X), R(Y )]−R([R(X),Y ]+ [X , R(Y )])
=−c2 [X ,Y ] , X , Y ∈ g . (3.4)
The dressed R-operator Rg is defined by
Rg(X) := g
−1R(gX g−1)g = Ad−1g ◦R◦Adg(X) , g ∈ SU(2,2|4) . (3.5)
The operator Rg is also a solution of the CYBE (3.4),
CYBEg(X ,Y )≡ [Rg(X), Rg(Y )]−Rg([Rg(X), Y ]+ [X , Rg(Y )]) =−c2 [X ,Y ] , (3.6)
if the linear operator R satisfies the CYBE. This is easily seen from the relation
CYBEg(X ,Y ) = Ad−1g CYBE(Adg(X),Adg(Y )) .
It is useful to rewrite the R-operator in tensorial notation. Then, the R-operator can be
expressed via a skew-symmetric classical r-matrix r ∈ g⊗g . Introducing the r-matrix
r =
1
2
ri j Ti∧Tj , ri j =−r ji , Ti ∈ g , (3.7)
the action of the R-operator can be defined as
R(X) = ri j TiSTr(TjX) , X ∈ g . (3.8)
This allows us to encode YB deformations by classical r-matrices.
Classification of the CYBE. The CYBE can be of three types:
(i) c2 < 0 ,
(ii) c2 = 0 ,
(iii) c2 > 0 .
The CYBE with c2 6= 0 is called the modified classical Yang–Baxter equation (mCYBE). YB
deformations of principal chiral models with c2 < 0 were originally developed by Klimcik [3],
and the integrability of the deformed models was shown in [4]. These deformations were
generalized to symmetric coset sigma models [5] and the AdS5×S5 superstring [7, 41]. YB
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deformations based on the mCYBE with c2 < 0 are called q-deformations.∗ A typical solution
of the mCYBE is the Drinfeld–Jimbo type r-matrix [42, 43],
rDJ = c ∑
1≤i< j≤8
Ei j ∧E ji(−1)ı¯ j¯ , (3.9)
where Ei j (i, j = 1, . . . ,8) are the gl(4|4) generators and the super skew-symmetric symbol is
defined by
Ei j ∧Ekl ≡ Ei j⊗Ekl−Ekl⊗Ei j(−1)(ı¯+ j¯)(k¯+l¯) . (3.10)
Here we determined the parity of the indices as ı¯= 0 for i= 1, . . .4 and ı¯ = 1 for i = 5, . . .8 .
The associated R-operator acts on
R(Ei j) =

+cEi j if i< j
0 if i= j
−cEi j if i> j
. (3.11)
The r-matrix (3.9) with c2 < 0 was used for a q-deformation of the AdS5×S5 superstring [7,
41]†. We often normalize the complex parameter c as c = i . The full explicit expression
(3.68) of the q-deformed AdS5×S5 background is given in [10]. Remarkably, this
deformed background does not solve the standard supergravity equations but the generalized
supergravity equations (GSE) [12]. For the case c2 > 0, the associated YB deformations of the
AdS5×S5 superstring have been studied in [45].
The second class, c = 0, is frequently called the homogeneous CYBE. In terms of the
r-matrix, the homogeneous CYBE (3.4) can be rewritten as
fl1l2
i r jl1 rkl2 + fl1l2
j rkl1 ril2 + fl1l2
k ril1 r jl2 = 0 , (3.12)
where fi j k are the structure constants [Ti, Tj] = fi j k Tk of g . The homogeneous YB
deformations of principal sigma models and symmetric coset sigma models had been
developed in [6]. Moreover, it had been generalized to the AdS5×S5 superstring case
in [8]‡. A remarkable feature of this class is that we can consider partial deformations of
a given background. This is is due to the fact that the right-hand side of (3.12) has no term
proportional to c2. Thanks to this, we can find many nontrivial solutions of this equation.
In particular, as we will see later on, the associated deformations give deformed AdS5×S5
backgrounds which solve not only the standard supergravity equations but also the GSE.
3.2. Classical integrability
In this subsection, we will show that also the deformed action (3.1) admits a Lax pair.
Therefore, YB deformations are integrable deformations of the AdS5× S5 superstring. To
show this, we will explicitly give the Lax pair of the deformed system.
∗ The q-deformed AdS5×S5 background is also called the η-deformed AdS5×S5 or the ABF background [9, 10].
† In [44], by using Drinfeld–Jimbo type r-matrices with different fermionic structures, other q-deformed AdS2×S2×T 6
and AdS5×S5 backgrounds were constructed and shown to be solutions of standard supergravity.
‡ The action of the homogeneous YB-deformed AdS5×S5 superstring was constructed using the pure spinor formalism
in [46].
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EOM and the flatness condition. To demonstrate the classical integrability of (3.1), we give
the EOM of the deformed action (3.1). For this purpose, it is useful to introduce the deformed
and the projected currents,
Jα = O
−1
− Aα , J˜α = O
−1
+ Aα , (3.13)
Jα(±) = P
αβ
± Jβ , J˜
α
(±) = P
αβ
± J˜β . (3.14)
Then, the EOM of the deformed action (3.1) are given by
E¯ = Dα dˆ−(Jα(−))+Dα dˆ+(J˜
α
(+))+ [J˜(+)α , dˆ−(J
α
(−))]+ [J(−)α , dˆ+(J˜
α
(+))] = 0 . (3.15)
The flatness condition for the left-invariant current is
Z¯ =
1
2
εαβ (DαAβ −DβAα +[Aα ,Aβ ])
= Dα J˜
α
(+)−DαJα(−)+[J(−)α , J˜α(+)]− c2η2[dˆ−(J(−)α), dˆ+(J˜α(+))]+ηRg(E¯ ) = 0 . (3.16)
As in the undeformed case, we decompose the EOM (3.15) and the flatness condition (3.16)
into the Z4-graded components. The bosonic parts are
B¯1 := Z¯
(0) = Dα J˜
α(0)
+ −DαJα(0)− +[J(0)−α , J˜α(0)+ ]+
(
1− c2η2
1+ c2η2
)2
[J
(2)
−α , J˜
α(2)
+ ]
+ (1− c2η2)
(
[J
(1)
−α , J˜
α(3)
+ ]+ [J
(3)
−α , J˜
α(1)
+ ]
)
= 0 , (3.17)
B¯2 :=
1
4
(E¯ (2)+ 2Z¯ (2)) = Dα J˜
α(2)
+ +[J
(0)
−α , J˜
α(2)
+ ]+ (1+ c
2η2)[J
(3)
−α , J˜
α(3)
+ ] = 0 , (3.18)
B¯3 :=
1
4
(E¯ (2)− 2Z¯ (2)) = DαJα(2)− − [J(2)−α , J˜α(0)+ ]− (1+ c2η2)[J(1)−α , J˜α(1)+ ] = 0 , (3.19)
and the fermionic parts are given by
F¯1 :=
1
4
(3Z¯ (1)− E¯ (1)) = Dα J˜α(1)(+) −DαJ
α(1)
(−) +[J
(0)
(−)α , J˜
α(1)
(+)
]+ [J
(1)
(−)α , J˜
α(0)
(+)
]
+
1− c2η2
1+ c2η2
[J
(2)
(−)α , J˜
α(3)
(+) ] = 0 , (3.20)
F¯2 :=
1
4
(3Z¯ (3)+ E¯ (3)) = Dα J˜
α(3)
(+) −DαJ
α(3)
(−) +[J
(0)
(−)α , J˜
α(3)
(+) ]+ [J
(3)
(−)α , J˜
α(0)
(+) ]
+
1− c2η2
1+ c2η2
[J
(1)
(−)α , J˜
α(2)
(+)
] = 0 , (3.21)
F¯3 :=
1
4
(E¯ (1)+ Z¯ (1)) = [J
(3)
(−)α , J˜
α(2)
(+)
] = 0 , (3.22)
F¯4 :=
1
4
(−E¯ (3)+ Z¯ (3)) = [J(2)
(−)α , J˜
α(1)
(+)
] = 0 . (3.23)
Construction of the Lax pair. Now, let us present the Lax pair of the YB-deformed AdS5×S5
superstring. It is given by [7, 8]
L¯α = L¯(+)α + M¯(−)α , (3.24)
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where L¯α
(+)
and M¯α
(−) are
L¯α(+) =J˜
α(0)
(+)
+ u
√
1− c2η2J˜α(1)
(+)
+ u−2
1− c2η2
1+ c2η2
J˜
α(2)
(+)
+ u−1
√
1− c2η2J˜α(3)
(+)
M¯α(−) =J
α(0)
(−) + u
√
1− c2η2Jα(1)
(−) + u
21− c2η2
1+ c2η2
J
α(2)
(−) + u
−1√1− c2η2Jα(3)
(−) . (3.25)
The expression has a similar form as in the undeformed case (2.20). We now evaluate the
flatness condition of the Lax pair,
εαβ
(
∂αL¯β − ∂βL¯α +[L¯α ,L¯β ]
)
= 0 . (3.26)
The left-hand side of this equation can be rewritten as
LHS of (3.26) =u0 B¯1+ u
−2 1− c2η2
1+ c2η2
B¯2− u2 1− c
2η2
1+ c2η2
B¯3
+
√
1− c2η2
(
u F¯1+ u
−1
F¯2+ u
−3 1− c2η2
1+ c2η2
F¯3+ u
3 1− c2η2
1+ c2η2
F¯4
)
.
(3.27)
Therefore, the flatness condition (3.26) is equivalent to the EOM (3.15) and the flatness
condition (3.16) on-shell. We see that indeed, also the deformed system (3.1) is classically
integrable.
3.3. The κ-symmetry of the YB-deformed action
The deformed action (3.1) is also invariant under the κ-symmetry transformation [7,8], as we
will show in the following.
The κ-symmetry transformation is given by [7, 8]
O
−1
− g
−1δκg= P
αβ
− {Q1κ1α ,J(2)−β}+P
αβ
+ {Q2κ2α ,J(2)+β} , (3.28)
δκ(
√−γγαβ ) = 1+ c
2η2
4
√−γ Str
[
ϒ
(
[Q1κα1(+),J
(1)β
+(+)]+ [Q
2κα2(−),J
(3)β
−(−)]
)
+(α ↔ β )
]
.
(3.29)
It is easy to see that when we take η = 0 , this expression reduces to the undeformed
transformation (2.26), (2.27). As in the undeformed case, we decompose the variation of
the deformed action (3.1) under the κ-symmetry transformation as
δκSYB ≡ δgSYB+ δγSYB , (3.30)
where δgSYB and δγSYB are the variations with respect to the group element and the world-
sheet metric, respectively. Let us first consider δgSYB . By using (3.28), it is given by
δgSYB =
T (1− c2η2)
2
∫
d2σ
√−γ STr
[
ε(1)P3 ◦ (1+ηRg)(E¯ )+ ε(3)P1 ◦ (1−ηRg)(E¯ )
]
=−2T(1− c2η2)
∫
d2σ
√−γ STr
(
ε(1)[J
(2)
−α , J˜
α(1)
+ ]+ ε
(3)[J˜
(2)
+α ,J
α(3)
− ]
)
, (3.31)
where ε(1) and ε(3) are
ε(1) = (1+ηRg)P
αβ
− {Q1κ1α ,J(2)−β} , ε(3) = (1−ηRg)P
αβ
+ {Q2κ2α ,J(2)+β} . (3.32)
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In the second equation of (3.31), we have used
P1 ◦ (1−ηRg)(E¯ ) =−4[J˜(2)+α ,Jα(3)− ]− Z¯ (1) , (3.33)
P3 ◦ (1+ηRg)(E¯ ) =−4[J(2)−α , J˜α(1)+ ]+ Z¯ (3) (3.34)
and ignored the flatness condition Z¯ . Each of the terms in (3.31) can be rewritten as
STr
(
ε(1)[J
(2)
−α , J˜
α(1)
+ ]
)
= STr
(
J
(2)
−αJ
(2)
−β [J˜
(1)
+α ,Q
1κ
β
+]
)
,
STr
(
ε(3)[J˜
(2)
+α ,J
α(3)
− ]
)
= STr
(
J˜
(2)
+α J˜
(2)
+β [J
(3)
−α ,Q
2κ
β
−]
)
.
(3.35)
By using equation (2.34), the variation δg SYB becomes
δgSYB =
T (1− c2η2)
4
∫
d2σ
√−γ
[
STr
(
J
(2)
α−J
(2)
β−
)
STr
(
[Q1κ
β (1)
+ , J˜
α
+]
)
+STr
(
J˜
(2)
α+J˜
(2)
β+
)
STr
(
[Q2κ
β
− ,J
α(3)
− ]
)]
. (3.36)
Next, let us consider the variation δγ SYB. For this purpose, it is convenient to rewrite the
deformed action (3.1) in terms of the deformed current (3.13) as
SYB =−T2
(
1− c2η2
1+ c2η2
)∫
d2σ γαβ STr
[
J
(2)
α J
(2)
β
]
− T (1− c
2η2)
2
∫
d2σ εαβ STr
[
J
(1)
α J
(3)
β
]
+η
T (1− c2η2)
4
∫
d2σ εαβ STr
[
dˆ−(Jα)Rg ◦ dˆ−(Jβ )
]
. (3.37)
Using relation (2.37), δγ SYB is given by
δγSYB =−T (1− c
2η2)
4
∫
d2σ
√−γ STr(J(2)α J(2)β )STr
[
ϒ
(
[Q1κ
β
+ , J˜
(1)α
+ ]+ [Q
2κ
β
− ,J
(3)α
− ]
)]
=−T (1− c
2η2)
4
∫
d2σ
√−γ
[
STr
(
J
(2)
α−J
(2)
β−
)
STr
(
[Q1κ
β
+ , J˜
α(1)
+ ]
)
+STr
(
J˜
(2)
α+J˜
(2)
β+
)
STr
(
[Q2κ
β
− ,J
α(3)
− ]
)]
. (3.38)
This obviously cancels out the variation δg SYB ,
δκSYB = (δg+ δγ)SYB = 0 . (3.39)
As a result, the deformed action (3.1) is κ-symmetric.
Finally, let us comment on the implications of κ-invariance of the deformed GS action.
As shown in [13], κ-invariance ensures that all deformed backgrounds are solutions either to
the standard supergravity equations or to the generalized supergravity equations [12, 13]. In
Sections 4 and 5, we will present YB-deformed backgrounds which satisfy the GSE.
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3.4. YB-deformed backgrounds from the GS action
In the following, we will rewrite the YB-deformed action in the form of the conventional GS
action. In order to determine the deformed background, it is sufficient to expand the action up
to quadratic order in the fermions,
SYB = S(0)+ S(2)+O(θ
4) . (3.40)
The explicit expression of the q-deformed AdS5×S5 background was given in the pioneering
work [10]. It was subsequently generalized to the case of the homogeneous YB deformations
in [11].
In this subsection, we provide the general formula for homogeneous YB deformed
backgrounds. For simplicity, we limit our analysis to the cases where the r-matrices are
composed only of the bosonic generators of su(2,2|4) ,
r =
1
2
ri jTi∧Tj , Ti ∈ so(2,4)× so(6) , (3.41)
which is a solution of the homogeneous CYBE∗.
3.4.1. Preliminaries. To be able to expand the action (3.1) of the YB sigma model, we first
need to introduce some notation. Since the r-matrix consists of bosonic generators only, the
dressed R-operator Rgb acts on the generators as
Rgb(Pa) = λa
b Pb+
1
2
λa
bc Jbc ,
Rgb(Jab) = λab
cPc+
1
2
λab
cd Jcd ,
Rgb(Q
I) = 0 .
(3.42)
The (dressed) R-operator is skew-symmetric,
STr
[
Rgb(X)Y
]
=−STr[X Rgb(Y )] . (3.43)
If we take X and Y to be Pa or Jab , we obtain the relations
λab ≡ λac ηcb =−λba , λabc =−12 η
cd Rabe f λd
e f , λab
e f Re f cd =−λcde f Re f ab , (3.44)
where Rabcd is the Riemann tensor in the tangent space of the AdS5×S5 background.
Using the action (3.42) for each generator of Rgb and the definitions (3.3) of O±, the
deformed currents O−1± A can be expanded as
O
−1
± A= O
−1
±(0)(A(0))+O
−1
±(0)(A(1))+O
−1
±(1)(A(0))+O(θ
2)
= ea±Pa−
1
2
W ab± Jab+Q
IDIJ±θJ +O(θ
2) , (3.45)
where we defined
ea± ≡ eb k±ba , k±ab ≡
[
(1± 2η λ )−1]ab , W ab± ≡ ωab± 2η ec±λcab , (3.46)
DIJ± ≡ δ IJD±+
i
2
ε IJ ea± γˆa , D± ≡ d+
1
4
W ab± γab . (3.47)
∗ The YB sigma model action rewritten in the standard GS form based on κ-symmetry was given in [25] to all orders
in the fermionic variables. There, also the deformed background associated to a general r-matrix was determined.
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Here, ea± andW ab± are the two vielbeins on the deformed background and the torsionful spin
connections, respectively. In fact, ea± satisfy
g′mn = ηabe
a
+e
b
+ = ηabe
a
−e
b
− , (3.48)
and describe the deformed metric g′mn . W ab± are given by
W±ab = ω[∓]ab±
1
2
ec∓H
′
cab , (3.49)
where ω[±] are the spin connections (A.4) associated to the vielbeins e± and H ′3 is the H-flux
on the deformed background.
3.4.2. The NS–NS sector
Metric and B-field. Let us first consider the metric and B-field of the YB-deformed action
S(0) =−
T
2
∫
d2σ Pαβ− STr
[
Aα(0)d− ◦O−1−(0)(Aβ (0))
]
. (3.50)
By using the leading term of the expansions (2.54), (3.45) of A and J− in fermions, the above
action can be rewritten as
S(0) =−T
∫
d2σ Pαβ− ηab eα
a eβ
c k−cb . (3.51)
By comparing it with the canonical form (2.39) of the GS action, we can write down the
expressions of the deformed metric and the B-field as
g′mn = e(m
a en)
b k+ab , B
′
mn = e[m
a en]
b k+ab , (3.52)
where we used k+ab = k+acηcb = k−ba.
Dilaton. Next we consider the YB-deformed dilaton Φ′ . The formula of the YB-deformed
dilaton Φ′ had been proposed in [11, 25]:
eΦ
′
= (detk+)
1
2 = (detk−)
1
2 . (3.53)
This expression is consistent with the EOM of supergravity in the string frame and reproduces
those of some well-known backgrounds (e.g. Lunin–Maldacena–Frolov [47, 48] and
Maldacena–Russo backgrounds [49, 50]).
3.4.3. The R–R sector. Next, we determine the R–R fields from the quadratic part S(2) of the
YB-deformed action.
As noted in [10,11], the deformed action naively does not have the canonical form of the
GS action (2.39), so we need to choose the diagonal gauge and perform a suitable redefinition
of the bosonic fields Xm . Since the analysis is quite complicated, we only give an outline here
(see [22] for the details of the computation).
The quadratic part of the deformed action S(2) can be decomposed into two parts,
S(2) = S
c
(2)+ δS(2) . (3.54)
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First, we focus only on the first part Sc(2) since the second part δS(2) can be completely
canceled by field redefinitions. The explicit expression of Sc(2) in terms of the 32×32 gamma
matrices is given by
Sc(2) =−iT
∫
d2σ
[
P
αβ
+ Θ¯1 e−α
a ΓaD+β Θ1+P
αβ
− Θ¯2 e+α
a ΓaD−β Θ2
− 1
8
P
αβ
+ Θ¯1 e−α
a Γa Fˆ 5 e+β
b Γb Θ2
]
,
(3.55)
where D±α ΘI ≡
(
∂α +
1
4W±α
abΓab
)
ΘI and Fˆ 5 is the undeformed R–R 5-form field strength
(2.60). We see that the quadratic action (3.55) is slightly different from the canonical form of
the GS action.
In order to rewrite the action (3.55) in the canonical form of the GS action, we need to
eliminate the vielbein e+ma by using the relations
e+m
a = (Λ−1)ab e−mb = Λba e−mb , Λab ≡ (k−1− )ac k+cb . (3.56)
As discussed in [22], this procedure can be identified with the diagonal gauge fixing
introduced in [51, 52]. Since the two vielbeins e±ma describe the same metric, the above
relations (3.56) can be regarded as a local Lorentz transformation. Indeed, it is easy to show
that the matrix Λ is an element of the ten-dimensional Lorentz group SO(1,9) . Furthermore,
the matrix Λ satisfies the identity
Ω−1 Γa Ω = Λab Γb , Ω = (detk−)
1
2 Æ
(−η λ ab Γab) , (3.57)
where Ω is a spinor representation of the local Lorentz transformation (3.56), and Æ is an
exponential-like function with the gamma matrices totally antisymmetrized [53],
Æ
(−η λ ab Γab)= 5∑
p=0
1
2pp!
(−2η λa1a2) · · · (−2η λa2p−1a2p)Γa1···a2p . (3.58)
By performing the local Lorentz transformation (3.56) and using the identity (3.57), the action
(3.55) becomes
Sc(2) =−iT
∫
d2σ
[
P
αβ
+ Θ¯1 e
′
α
a ΓaD+β Θ1+P
αβ
− Θ¯2 Ω
−1 e′α
a Γa ΩD−β Θ2
− 1
8
P
αβ
+ Θ¯1 e
′
α
a Γa Fˆ 5 Ω
−1 e′β
cΓc ΩΘ2
]
,
(3.59)
where we redefined the deformed vielbein e−α a as e′α a . Next, we perform a redefinition of
the fermionic variables ΘI ,
Θ′1 ≡ Θ1 , Θ′2 ≡ ΩΘ2 . (3.60)
As the result of the redefinition, we obtain
Sc(2) =−T
∫
d2σ
[
P
αβ
+ iΘ¯
′
1 e
′
α
a ΓaD
′
+β Θ
′
1+P
αβ
− iΘ¯2 e
′
α
a ΓaD
′
−β Θ
′
2
− 1
8
P
αβ
+ iΘ¯1 e
′
α
a Γa Fˆ 5 Ω
−1 e′β
b Γb Θ
′
2
]
, (3.61)
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where the derivatives D′± are defined as
D′+ ≡ D+ = d+
1
4
W ab+ Γab ,
D′− ≡ Ω◦D− ◦Ω−1 = d+
1
4
W ab− ΩΓab Ω
−1+ΩdΩ−1
= d+
1
4
[
ΛacΛ
b
dW
cd
− +(ΛdΛ
−1)ab
]
Γab .
(3.62)
The spin connection ω ′ab associated with the deformed vielbein e′a and the deformed H-flux
H ′abc satisfies
ω ′ab+
1
2
e′cH
′cab =W ab+ ,
ω ′ab− 1
2
e′cH
′cab = Λac ΛbdW cd− +(ΛdΛ
−1)ab .
(3.63)
Therefore, D′± can be expressed as
D′± = d+
1
4
(
ω ′ab± 1
2
e′cH
′cab
)
Γab . (3.64)
In this way, the deformed action (3.61) becomes the conventional GS action at order O(θ 2)
by identifying the deformed R–R field strengths as
Fˆ
′
= Fˆ 5 Ω
−1 ,
Fˆ
′
= ∑
p=1,3,5,7,9
1
p!
eΦ
′
Fˆ ′a1...apΓ
a1...ap .
(3.65)
Here the deformed dilaton Φ′ is given by (3.53). The transformation rule (3.65) was originally
given in [25]. A different derivation based on the κ-symmetry variation is given in Appendix
I of [22].
Finally, let us consider the remaining part δS(2) . It can be completely canceled by
redefining the bosonic fields Xm [10, 11] ,
Xm → Xm+ η
4
σ IJ1 e
cm λc
ab θ¯I γab θJ +O(θ
4) , (3.66)
as long as the r-matrix satisfies the homogeneous CYBE. Indeed, this redefinition results in a
shift S(0) → S(0)+ δS(0) and the sum of δS(0) and δS(2) is the quite simple expression
δS(0)+ δS(2)
=
η2T
2
∫
d2σ Pαβ− σ
IJ
1
[
CYBE(0)g
(
J
(2)
+m,J
(2)
−n
)]ab
θ¯I γab θJ ∂αX
m ∂βX
n , (3.67)
where CYBE(0)g (X ,Y ) represents the grade-0 component of CYBEg(X ,Y ) defined in (3.6).
This shows that δS(2) is completely canceled out by δS(0) when the r-matrix satisfies the
homogeneous CYBE.
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3.5. Generalized supergravity
In general, YB deformations correspond to solutions both of the usual supergravity equations
and of the generalized supergravity equations (GSE). The GSE were originally proposed to
support a q-deformed AdS5×S5 background as a solution [12]. It was shown subsequently
that some homogeneous YB deformed AdS5 × S5 backgrounds are also solutions to the
GSE [18]. In this subsection, we will give the explicit expression of the q-deformedAdS5×S5
background and then introduce the GSE.
3.5.1. The q-deformed AdS5 × S5 background. As explained in Subsection 3.1, the q-
deformed background can be realized as a YB deformation of the AdS5×S5 superstring [7]
with a classical r-matrix of Drinfeld–Jimbo type satisfying the mCYBE (with c = i). The
metric and B-field were originally derived in [9] and the full background including R-R fluxes
and dilaton has been obtained by performing the supercoset construction in [10]. It is given
by
ds2 =
√
1+κ2
[
− 1+ρ
2
1−κ2ρ2 dt
2+
dρ2
(1−κ2ρ2)(1+ρ2) +
ρ2(dζ 2+ cos2 ζdψ21 )
1+κ2ρ4 sin2 ζ
+ρ2 sin2 ζdψ22
+
1− r2
1+κ2r2
dφ2+
dr2
(1+κ2r2)(1− r2) +
r2(dζ 2+ cos2 ξdφ21 )
1+κ2r4 sin2 ξ
+ r2 sin2 ξdφ22
]
,
B2 =
√
1+κ2
[
κρ
1−κ2ρ2 dt∧dρ−
κρ4 sinζ cosζ
1+κ2ρ4 sin2 ζ
dζ ∧dψ1
+
κr
1+κ2r2
dφ ∧dr+ κr
4 sinξ cosξ
1+κ2r4 sin2 ξ
dξ ∧dφ1
]
,
Fˆ1 = 4κ2
√
1+κ2(ρ4 sin2 ζdψ2− r4 sin2 ξdφ2) ,
Fˆ3 = −4κ(1+κ2)
[
ρ
1−κ2ρ2 dt ∧dρ ∧ (ρ
2 sin2 ζdψ2−κ2r4 sin2 ξdφ2)
+
r
1+κ2r2
dφ ∧dr∧ (κ2ρ4 sin2 ζdψ2+ r2 sin2 ξdφ2)
+
ρ4 sinζ cosζ
1+κ2ρ4 sin2 ζ
dζ ∧dψ1∧ (dψ2+κ2r4 sin2 ξdφ2)
+
r4 sinξ cosξ
1+κ2r4 sin2 ξ
dξ ∧dφ1∧ (κ2ρ4 sin2 ζdψ2+ dφ2)
]
,
Fˆ5 = 4(1+κ2)3/2
[
ρ3 sinζ cosζ
(1−κ2ρ2)(1+κ2ρ4 sin2 ζ )dt ∧dρ ∧dζ ∧dψ1∧ (dψ2+κ
4ρ2r4 sin2 ξdφ2)
+
r3 sinξ cosξ
(1+κ2r2)(1+κ2r4 sin2 ξ )
dφ ∧dr∧dξ ∧dφ1∧ (κ4r2ρ4 sin2 ζdψ2− dφ2)
+
κ2ρr
(1−κ2ρ2)(1+κ2r2)dt ∧dρ ∧dφ ∧dr∧ (ρ
2 sin2 ζdψ2+ r
2 sin2 ξdφ2)
+
κ2ρr4 sinξ cosξ
(1−κ2ρ2)(1+κ2r4 sin2 ξ )dt∧dρ ∧dξ ∧dφ1∧ (ρ
2 sin2 ζdψ2+ dφ2)
+
κ2rρ4 sinζ cosζ
(1+κ2r2)(1+κ2ρ4 sin2 ζ )
dφ ∧dr∧dζ ∧dψ1∧ (dψ2− r2 sin2 ξdφ2)
+
κ2ρ4r4 sinζ cosζ sinξ cosξ
(1+κ2ρ4 sin2 ζ )(1+κ2r4 sin2 ξ )
dζ ∧dψ1∧dξ ∧dφ1∧ (dψ2− dφ2)
]
,
Φ =
1
2
log
[
1
(1−κ2ρ2)(1+κ2ρ4 sin2 ζ )(1+ r2κ2)(1+κ2r4 sin2 ξ )
]
,
(3.68)
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where we defined κ = 2η
1−η2 . Note here that we have kept total derivative terms of the
B-field that are obtained after performing the supercoset construction (see for example
footnote 19 of [10])∗. Remarkably, the deformed background is not a solution of type IIB
supergravity [10] but of the GSE [12] when we introduce the extra Killing vector
I =
1√
1+κ2
(−4κ∂t + 2κ∂ψ1 + 4κ∂φ − 2κ∂φ1) . (3.69)
We will next give the explicit expression for the generalized type IIB supergravity equations.
3.5.2. Generalized supergravity equations. Our conventions for the type II GSE [12, 13, 54–
56] are as follows:
Rmn− 14 HmpqHn
pq+ 2Dm∂nΦ+DmUn+DnUm = Tmn ,
−1
2
D
kHkmn+ ∂kΦH
k
mn+U
kHkmn+DmIn−DnIm = Kmn ,
R− 1
2
|H3|2+ 4Dm∂mΦ− 4 |∂Φ|2− 4
(
ImIm+U
mUm+ 2U
m∂mΦ−DmUm
)
= 0 ,
d ∗ Fˆn−H3∧∗Fˆn+2− ιIB2∧∗Fˆn− ιI ∗ Fˆn−2 = 0 ,
(3.70)
where we have defined
∣∣αp∣∣2 ≡ 1p!αm1···mp αm1···mp . Dm is the usual covariant derivative
associated to gmn , and Tmn ,Kmn are defined by
Tmn ≡ 14 e
2Φ ∑
p
[
1
(p− 1)! Fˆ(m
k1···kp−1 Fˆn)k1···kp−1−
1
2
gmn
∣∣Fˆp∣∣2] ,
Kmn ≡ 14 e
2Φ ∑
p
1
(p− 2)! Fˆk1···kp−2 Fˆmn
k1···kp−2 .
(3.71)
The relation between the R–R field strengths and potentials is given by (see [56] for details)
Fˆn = dCˆn−1+H3∧Cˆn−3− ιIB2∧Cˆp−1− ιICˆn+1 . (3.72)
The Killing vector I = Im ∂m is defined to satisfy
£Igmn = 0 , £IB2+ d
(
U− ιIB2
)
= 0 , £IΦ = 0 , I
mUm = 0 . (3.73)
Here we have ignored the spacetime fermions. The full explicit expression of the type IIB
GSE are given in [13].
We usually choose the particular gaugeUm = InBnm (see [12,56] for the details) in which
the GSE (3.70) become
Rmn− 14 HmpqHn
pq+DmZn+DnZm = Tmn ,
−1
2
D
kHkmn+ZkH
k
mn+DmIn−DnIm = Kmn ,
R− 1
2
|H3|2+ 4
(
D
mZm− ImIm−ZmZm
)
= 0 ,
d ∗ Fˆn−H3∧∗Fˆn+2− ιIB2∧∗Fˆn− ιI ∗ Fˆn−2 = 0 ,
(3.74)
∗ Another expression for the dilaton Φ , which is different from the one in [12], is obtained due to the existence of the
total derivative terms of the B-field.
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where we defined
Zm ≡ ∂mΦ+ InBnm . (3.75)
In this gauge, we can show that the q-deformed AdS5×S5 background (3.68) with the Killing
vector (3.69) solve the GSE. When I = 0, the GSE reduce to the usual supergravity EOM.
Therefore, this deformation is characterized only by the Killing vector Im . Note that due to
the presence of this Killing vector, the solutions of the GSE are effectively nine dimensional.
A remarkable feature of this theory is that the GSE can be reproduced from the
requirement of κ-symmetry in the GS formalism. It has been known for a long time that
the on-shell constraints of type II supergravity ensure κ-symmetry of the associated GS
type string sigma model [57, 58]. At the time it had been conjectured that the κ-symmetry
requires the type II supergravity equations. However, after about thirty years, Tseytlin and
Wulff [13] solved this long-standing problem, showing that a general solution of the κ-
symmetry constraint leads to solutions to the EOM of generalized supergravity.
3.5.3. Weyl invariance of string theory on generalized supergravity backgrounds. Tseytlin–
Wulff’s result implies that, at the classical level, string theory is consistently defined on
generalized supergravity backgrounds. However, the quantum consistency of string theories
defined on such backgrounds is not clear. Indeed, the GSE (3.70) were originally introduced
as a scale-invariance condition for string theory. The Weyl invariance of string theory on such
backgrounds has been studied in [56, 59, 60]. We will briefly comment on the current status
of this subject.
For simplicity, we will consider the conventional (bosonic) string sigma model on a
general background,
S =− 1
4piα ′
∫
d2σ
√−γ (gmn γαβ −Bmn εαβ)∂αXm ∂βXn , (3.76)
where ε01 = 1/
√−γ . The Weyl anomaly of this system takes the form
2α ′ 〈Tα α〉=
(
β gmn γ
αβ −βBmn εαβ
)
∂αX
m ∂βX
n . (3.77)
The β -functions at the one-loop level have been computed (for example in [61]) and have the
form
β gmn = α
′
(
Rmn− 14 HmpqHn
pq
)
, βBmn = α
′
(
−1
2
D
kHkmn
)
. (3.78)
If the trace of the energy-momentum tensor (3.77) vanishes, the system is Weyl invariant.
Quantum scale invariance is satisfied by requiring [61]
β gmn =−2α ′D(mZn) , βBmn =−α ′
(
ZkHkmn+ 2D[mIn]
)
, (3.79)
where Im and Zm are certain vector fields in the target space. When the β -functions have the
form (3.79), the Weyl anomaly (3.77) becomes
〈Tα α〉= −Dα
[
(Zm γ
αβ − Im εαβ )∂βXm
]
+Zm
2piα ′√−γ
δS
δXm
e.o.m.∼ −Dα
[
(Zm γ
αβ − Im εαβ )∂βXm
]
. (3.80)
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Note that this scale invariance condition takes the same form as the NS sector of the GSE
(3.70). The full set of the GSE is obtained by generalizing the scale invariance condition to
include the R-R fields [12].
To obtain a consistent string theory at the quantum level, we need to cancel the Weyl
anomaly (3.77). It is well known that when Zm = ∂mΦ and Im = 0 , we can cancel this by
adding a counterterm, the so-called Fradkin–Tseytlin term [62],
SFT =
1
4pi
∫
d2σ
√−γR(2) Φ , (3.81)
to the original action (3.76). Compared to the sigma model action, the counterterm (3.81) is
of higher order in α ′ and should be regarded as a quantum correction.
In the more general GSE case, the situation is more subtle as the counterterm (3.81)
cannot cancel out the anomaly (3.80). However, it is important to note that I and Z are arbitrary
vectors in the scale invariance conditions (3.79), while in the GSE case, I is a Killing vector
for gmn and Z is given by (3.75). In [56, 59], by using this Killing property, a possible local
and covariant counterterm for the bosonic string on generalized supergravity backgroundswas
constructed as a generalization of the Fradkin–Tseytlin term (3.81) (see [56, 59] for details).
The Weyl invariance of the type I superstring in generalized supergravity backgrounds was
discussed in [60]. A detailed study of the conformal field theory (CFT) picture is however still
outstanding and in this sense, the full consistency of string theory in generalized supergravity
backgrounds is an open problem.
3.6. The unimodularity condition
As explained in the previous section, YB deformed backgrounds can be solutions not only
of the usual supergravity equations but also of the GSE. Therefore, to obtain the usual
supergravity solutions from YB deformations, we need to impose further constraints on the
classical r-matrices. This unimodularity condition for the classical r-matrices is due to
Borsato and Wulff [25]. We will call an r-matrix unimodular if it satisfies the condition
ri j [Ti,Tj] = 0 , Ti ∈ su(2,2|4) . (3.82)
Let us briefly explain the origin of the name of the condition (3.82). For simplicity, we
will consider the bosonic subalgebra so(2,4)⊕ so(6) of su(2,2|4)∗. A constant solution of
the homogeneous CYBE (3.12) for a Lie algebra g corresponds one-to-one to a subalgebra
f ⊂ g [64, 65]. Here, a constant solution means that ri j is a constant skew-symmetric matrix.
Furthermore, restricting the range of the indices of ri j to i, j = 1, . . . ,dim f , the matrices ri j
are always invertible. This implies that f is always even dimensional. Introduce the bi-linear
map ω : g×g→ R defined by
ω(Ti,Tj) := (r
−1)i j . (3.83)
The homogeneous CYBE implies that ω is a 2-cocycle
ω(x,y) =−ω(y,x) ,
ω([x,y],z)+ω([x,y],z)+ω([x,y],z) = 0 ,
(3.84)
∗ Recently [63], homogeneous YB deformations associated with unimodular r-matrices including fermionic generators
were considered, and the associated deformed backgrounds were constructed explicitly.
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where x,y,z ∈ f . This means that f is a quasi-Frobenius Lie algebra. The 2-cocycle condition
can be rewritten as
(r−1)i[ j fkl] i = 0 . (3.85)
By taking a contraction rkl with (3.85), we obtain
0= 3(r−1)i[ j fkl] irkl = (r−1)i j fkl irkl + 2 fi j i . (3.86)
If the r-matrix satisfies the unimodularity condition, the equation becomes
fi j
i =−1
2
(r−1)i j fkl irkl = 0 , (3.87)
then f is also a unimodular Lie algebra.
3.7. Classification of r-matrices
An r-matrix
r =
1
2
ri j Ti∧Tj , (3.88)
is called Abelian if it consists of a set of generators which commute with each other, [Ti, Tj] =
0, otherwise it is called non-Abelian. Most homogeneous YB deformations studied in the
literature are based on Abelian r-matrices, which are obviously unimodular. Moreover, when
g is a compact Lie algebra (for example su(N) , so(N)), all quasi-Frobenius Lie subalgebras f
are Abelian [66]. Therefore, non-Abelian unimodular r-matrices only exist for non-compact
Lie algebras g.
Non-Abelian unimodular r-matrices. We now discuss the classification of non-Abelian
unimodular r-matrices. We define the rank of an r-matrix as
Rank ri j := dim f . (3.89)
Rank-2 unimodular r-matrices are by construction Abelian. Non-Abelian unimodular r-
matrices with rank four have been fully classified.
Rank 4. The rank-4 unimodular r-matrices for the bosonic isometries of AdS5 have been
classified in [25]. If we take a rank-4 r-matrix
r = T1∧T2+T3∧T4 , T1,...,4 ∈ so(2,4) , (3.90)
we obtain the following four classes:
(i) h3⊕R [T1,T3] = T4 (3.91)
(ii) r3,−1⊕R [T1,T3] = T3 , [T1,T4] =−T4 (3.92)
(iii) r′3,0⊕R [T1,T3] =−T4 , [T1,T4] = T3 (3.93)
(iv) n4 [T1,T3] =−T2 , [T2,T3] = T4. (3.94)
Classes (i)–(iii) are called almost Abelian r-matrices [67] and cover most of the rank-4
examples studied in [25]. As argued in [25,67], this class of YB deformations can be realized
as a sequence of non-commuting TsT-transformations (see [25] for the explicit form for the
rank-4 examples). They are obtained as combination of the usual TsT-transformations and
appropriate diffeomorphisms. The last class (iv) cannot be generated by performing non-
commuting TsT-transformations.
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Rank 6. There is to date no complete classification for rank 6 unimodular r-matrices. Some
examples were given in [25].
Rank 8. No rank-8 non-Abelian unimodular r-matrices exist.
Non-unimodular r-matrices. Finally, let us briefly comment on non-unimodular r-matrices.
The simplest example is the rank-2 r-matrix
r =
1
2
T1∧T2 , [T1,T2] = T2 . (3.95)
It is easy to see that the r-matrix does not satisfy the unimodularity condition (3.82). The r-
matrix is also called a Jordanian r-matrix. A generalization of the rank-2 Jordanian r-matrix
was given in [68]. YB deformed backgrounds associated to non-unimodular r-matrices are
solutions to the GSE [18, 25].
3.8. YB deformations as string duality transformations
In Subsection 3.4, we derived the general formulas (3.52), (3.53), (3.65) for the homogeneous
YB deformed AdS5×S5 backgrounds with an r-matrix composed of bosonic generators
only. An important observation of [21] is that the homogeneous YB deformation of the
AdS5×S5 background is nothing but the β -transformation which in turn is a O(d,d) T -
duality transformation∗ [22]. It follows that homogeneous YB-deformations can be regarded
as examples of string duality transformations. In this section, we will briefly discuss this
interpretation.
3.8.1. A brief review of DFT. For this purpose, it is useful to utilize the manifestly T-duality
covariant formulation of supergravity called double field theory (DFT) [26–32].
DFT fields and their parametrization. In DFT, we consider a doubled spacetime with
coordinates (xM) = (xm , x˜m) (M = 1, . . . ,2d; m = 1, . . . ,d). Here xm are the standard d-
dimensional coordinates and x˜m are the dual coordinates. The bosonic fields in DFT are the
generalized metric HMN (M,N = 0, . . . ,2d), the DFT dilaton d(x) , and an O(d,d) spinor of
R-R fields Fˆ (see [22] for our conventions).
The generalized metric HMN can be parameterized as
H ≡ (HMN) =
(
(g−Bg−1B)mn Bmkgkn
−gmkBkn gmn
)
, (3.96)
in terms of the metric gmn and the Kalb–Ramond B-field Bmn. The 2d-dimensional indices
M,N, · · · are raised and lowered with the O(d,d) metric
(ηMN) =
(
0 δ nm
δmn 0
)
, (ηMN) =
(
0 δmn
δ nm 0
)
. (3.97)
The familiar properties of the generalized metric,
H
T = H , H TηH = η , (3.98)
∗ The deformed background can be reproduced from the requirement of invariance of non-zero Page forms and
associated Page charges [69].
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follow from the above parametrization, and imply that H is an element of O(d,d) . As
H ∈ O(d,d), the non-linear transformations of the T-duality group are covariantly realized
as
H → hTH h , h ∈ O(d,d) . (3.99)
The DFT dilaton d(x) is related to the conventional dilaton Φ by
e−2d(x) =
√
|g|e−2Φ , (3.100)
and is invariant under O(d,d) duality transformations.
For later discussions, it is convenient to introduce another parametrization of the
generalized metric and the DFT dilaton,
H = (HMN) =
(
Gmn Gmkβ
kn
−βmkGkn (G−1−βGβ )mn
)
,
e−2d =
√
|G|e−2φ˜ ,
(3.101)
in terms of the dual fields (Gmn,βmn, φ˜ ) [70–73]. This parametrization (3.101) is referred to as
the non-geometric parametrization of the generalizedmetric and the DFT dilaton. If the matrix
Emn ≡ gmn+Bmn is invertible, the relation between the conventional fields (gmn,Bmn,Φ) and
the dual fields (Gmn,βmn, φ˜ ) is given by
Emn ≡ (E−1)mn = Gmn−βmn , (3.102)
e−2d =
√
|g|e−2Φ =
√
|G|e−2φ˜ . (3.103)
The dual metric Gmn coincides with the open-string metric [70, 74], to be distinguished from
the initial closed-string metric gmn. As we will discuss in Section 5, the non-geometric
parametrization of the generalized metric is useful to discuss the non-geometric aspects of
a given background.
Section condition. For the consistency of DFT, we require that arbitrary fields or gauge
parameters A(x) and B(x) satisfy the so-called section condition [26, 29, 31],
ηMN∂MA(x)∂NB(x) = 0 , (3.104)
ηMN∂M∂NA(x) = 0 , (3.105)
where ∂M = (∂m, ∂˜m) ≡ ( ∂∂xm , ∂∂ x˜m ) . In general, under this condition, supergravity fields can
depend on at most d physical coordinates out of the 2d doubled coordinates xM .
In the canonical solution, all fields and gauge parameters are independent of the dual
coordinates; ∂˜m = 0 and DFT reduces to conventional supergravity. If instead all fields depend
on (d− 1) coordinates xi and only the DFT dilaton d(x) has an additional linear dependence
on a dual coordinate z˜, DFT reduces to generalized supergravity [54, 56].
β -transformation. A (local) β -transformation is a specific O(d,d) transformation generated
by
eβ = (eβ MN)≡ (hMN) =
(
δmn −rmn(x)
0 δ nm
)
, (rmn =−rnm) , (3.106)
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which induces a shift of the β -field or Emn:
βmn0 (x)→ βmn(x) = βmn0 (x)−rmn(x) , (3.107)
where β0 is the β -field on the original background. The usual supergravity fields (gmn, Bmn,
Φ, Fˆ , Cˆ) transform as
H
′ = eβ
T
H eβ , d′ = d ,
Fˆ ′ = e−B
′
2∧ e−β∨ eB2∧ Fˆ , Cˆ′ = e−B
′
2∧ e−β∨ eB2∧ Cˆ ,
(3.108)
where Fˆ , Cˆ are polyformswhich are formal summations of all the original R–R field strengths
and potentials,
Fˆ ≡ ∑
p=1,3,5,7,9
Fˆp , Fˆp ≡ 1
p!
Fˆm1···mpdx
m1 ∧·· ·∧dxmp ,
Cˆ ≡ ∑
p=0,2,4,6,8
Cˆp , Cˆp ≡ 1
p!
Cˆm1···mpdx
m1 ∧·· ·∧dxmp .
(3.109)
The operator β∨ which acts on an arbitrary p-form Ap is defined as
β ∨Ap = 12β
mnιmιnAp , (3.110)
where ιm is the inner product along the xm-direction. Here it is also convenient to define the
R-R fields (F,A) and (Fˇ ,Cˇ) as
F ≡ eB2∧Fˆ , F ≡ eB2∧Fˆ , F ≡ eB2∧Fˆ , F ≡ eB2∧Fˆ . (3.111)
In order to distinguish the three definitions of R-R fields, we call (Fˆ ,Cˆ) B-untwisted R-
R fields while we call (Fˇ ,Cˇ) β -untwisted R-R fields. The B-untwisted fields are invariant
under B-field gauge transformations while the β -untwisted fields are invariant under local β -
transformations. (F,A) will play an important role when we study the monodromy of T-folds
in Section 5.
Finally, we should stress that unlike the B-field gauge transformations, the local β -
transformation is not a gauge transformation. This fact implies that in general, the β -
transformed background may not satisfy the (generalized) supergravity equations (3.70) even
if the original background is a solution of the supergravity (or DFT).
3.8.2. YB deformations and local β -transformations. Now, let us explain the relation
between local β -deformations and homogeneous YB deformations. Since the original
AdS5×S5 background does not have a B-field, the β -transformed background can be
expressed as
g′mn+B
′
mn =
[
(G−1−β )]−1
mn
, d′ = d ,
Fˆ ′ = e−B
′
2∧ e−β∨ Fˆ5 , Cˆ′ = e−B
′
2∧ e−β∨Cˇ4 ,
(3.112)
where Gmn is the metric of the original AdS5×S5 and Fˆ5 is the undeformed R–R 5-form field
strength (2.62) . An important observation made in [21] is that a YB deformed background
associated with the r-matrix (3.41) can also be generated by a local β -transformation with the
β -field
βmn(x) =−rmn(x) = 2η ri j Tˆmi (x) Tˆ nj (x) , (3.113)
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where Tˆmi (x) are Killing vector fields associated to the generators Ti appearing in the r-matrix
(3.41). This implies that the β -untwisted R-R fields (Fˇ ,Cˇ) are invariant under homogeneous
YB deformations.
In this review, we will only give a proof for the above relation in the NS sector (see [22]
for the R-R sector). Since the original AdS5×S5 background does not include a B-field, Emn
is simply
Emn = gmn = em
a en
b ηab , E
mn = ηab ea
m eb
n . (3.114)
On the other hand, by using (3.52), the inverse of Emn is deformed as
E ′mn ≡ [(g′+B′)−1]mn = (k−1+ )ab eam ebn = (ηab+ 2η λ ab)eam ebn . (3.115)
Therefore, the deformation can be summarized as
Emn → E ′mn = Emn+ 2η λ ab eam ebn . (3.116)
By comparing this to the β -transformation rule (3.106) or (3.107), the YB deformation can be
regarded as a local β -transformation with the parameter
r
mn = 2η λ ab ea
m eb
n . (3.117)
Let us moreover rewrite rmn in (3.117) using the r-matrix instead of λ ab . By using the r-
matrix r = 12 r
i j Ti∧Tj , λ ab can be expressed as
λ ab = STr
[
Rgb(P
a)Pb
]
= ri j STr
(
g−1b Ti gb Pb)STr(g
−1
b Tj gb Pa)
=−ri j [Ad
g−1b
]
i
a
[
Ad
g−1b
]
i
b , (3.118)
and (3.117) becomes
r
mn =−2η ri j [Ad
g−1b
]
i
a
[
Ad
g−1b
]
j
b ea
m eb
n . (3.119)
By using the Killing vectors (2.67), we obtain the very simple expression
r
mn =−2η ri j Tˆmi Tˆ nj . (3.120)
This implies that the β -field (3.120) is the bi-vector representation of the r-matrix
characterizing a YB deformation. If we compute the dual fields Gmn ,βmn in the deformed
background from the relation (3.102), we obtain
Gmn = ηab em
a en
b , βmn = 2η ri j Tˆmi Tˆ
n
j . (3.121)
The dual metric is invariant under the deformation G0,mn → G0,mn = Gmn, while the β -field,
which is absent in the undeformed background, is shifted as βmn0 = 0 → β ′mn =−rmn .
Next, let us compare (3.53) with the β -transformation law (3.108) of the dilation. The
invariance of e−2d = e−2Φ
√−g under β -deformations shows
e2Φ
′
=
√−g′√−g e
−2Φ =
det(e±ma)
det(ema)
e2Φ = (detk±)e2Φ . (3.122)
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Recalling Φ = 0 in the undeformed background, the transformation rule (3.53) can be
understood as a β -transformation. Therefore, the homogeneous YB deformed NS–NS fields
are precisely the β -transformed ones.
Finally, let us comment on the usefulness of the β -transformation rule (3.108). If the
original backgrounds are not described by symmetric cosets or are supported by a non-trivial
H-flux, it is not straightforward to define YB sigma models in general. However, the β -
transformation rule (3.108) can be easily applied to almost any background. More concretely,
if a given background has a non-trivial isometryG, we can look for a skew-symmetric r-matrix
that satisfies the homogeneous CYBE for the Lie algebra g of G. If such an r-matrix can be
found, we can apply the associated β -transformation to a given background by using the β -
field expressed in terms of the r-matrix as in (3.121). Indeed, we can consider deformations
of Minkowski spacetime [23,33–36] and AdS3×S3×T4 supported by H-flux [22,75,76], and
show that the deformed backgrounds solve the (generalized) supergravity equations. This
shows that β -transformations are a useful new tool to generate solutions to the (generalized)
supergravity equations.
R-flux. When a β -field exists on a given background, we can consider the associated tri-
vector R known as the non-geometric R-flux. This flux is defined as
R≡ [β , β ]S , (3.123)
where [ , ]S denotes the Schouten bracket, which is defined for a p-vector and a q-vector as
[a1∧·· ·∧ap, b1∧·· ·∧bq]S
≡∑
i, j
(−1)i+ j[ai, b j]∧a1∧·· · aˇi · · · ∧ap∧b1∧·· · bˇ j · · · ∧bq , (3.124)
where the czech aˇi denotes the omission of ai .
The β -field on YB deformed backgrounds takes the form
βmn =−rmn = 2η ri j Tˆmi Tˆ nj , β =
1
2
βmn ∂m∧∂n = 2η
(
1
2
ri j Tˆi∧ Tˆj
)
. (3.125)
By using the Lie bracket for the Killing vector fields, [Tˆi, Tˆj] =− fi jk Tˆk , we obtain
Rmnp = 3β [m|q ∂qβ |np]
=−8η2 ( fl1l2 i r jl1 rkl2 + fl1l2 j rkl1 ril2 + fl1l2k ril1 r jl2) Tˆmi Tˆ nj Tˆ pk = 0 , (3.126)
upon using the homogeneous CYBE (3.12) [21]. This shows the absence of the R-flux in
homogeneous YB-deformed backgrounds.
3.8.3. The divergence formula. The Killing vector I in the GSE does not appear in the
classical action of the string sigma model. Therefore, we have to check whether a given
background has a Killing vector that allows it to be a solution of the GSE. Indeed, as discussed
in [56, 59], I appears in the counterterm which is introduced to cancel the Weyl anomaly of
the string sigma model defined on generalized supergravity backgrounds.
However, when we consider YB deformations, we have a convenient formula to obtain
the Killing vector Im for YB deformed backgrounds. As discovered in [77], the formula has a
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very simple form∗
Im = Dnr
nm , (3.127)
where Dn is the covariant derivative associated to the original metric, and rmn is given by
(3.120). If the r-matrix gives a non-zero I , this implies the violation of the unimodularity
condition (3.82). To see this, we shall consider non-unimodular r-matrices satisfying
ri j [Ti, Tj] = r
i j fi j
kTk 6= 0 . (3.128)
By using the concrete expression (3.120) for rmn, the divergence formula (3.127) can be
rewritten as
Im =−η ri j [Tˆi, Tˆj]m = η ri j fi jk Tˆmk , (3.129)
where the Killing vectors Tˆi satisfy
[Tˆi, Tˆj]
m = £Tˆi Tˆ
m
j =− fi jk Tˆmk . (3.130)
The Killing vector Im represents the amount of the violation of the unimodularity condition.
In the next section, we will see that this formula works well for various non-unimodular r-
matrices.
4. Examples of homogeneous YB-deformed AdS5×S5 backgrounds
In this section, we will present a number of examples of homogeneous YB deformed
AdS5×S5 backgrounds.
4.1. Abelian r-matrices
First, let us consider homogeneous YB deformations of the AdS5×S5 background associated
to Abelian r-matrices.
4.1.1. The Maldacena–Russo background. To demonstrate how to use formula (3.112), let
us consider the YB-deformed AdS5× S5 background associated to the classical r-matrix [15]
r =
1
2
P1∧P2 . (4.1)
This r-matrix is Abelian and satisfies the homogeneous CYBE (3.4). The associated YB
deformed background was derived in [11, 15].
The classical r-matrix (4.1) leads to the associated β -field
β = η Pˆ1∧ Pˆ2 = η ∂1∧∂2 . (4.2)
Then, the AdS5 part of the 10× 10 matrix (G−1−β ) is
(
G−1−β)mn =

z2 0 0 0 0
0 −z2 0 0 0
0 0 z2 −η 0
0 0 η z2 0
0 0 0 0 z2
 , (4.3)
∗ A general formula for I on the YB deformed AdS5×S5 backgrounds was originally obtained in [25].
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where we have ordered the coordinates as (z ,x0 ,x1 ,x2 ,x3) . By using the inverse of the matrix
(4.3) and formula (3.112), we obtain the NS-NS fields of the YB-deformed background,
ds2 =
dz2− (dx0)2+(dx3)2
z2
+
z2 [(dx1)2+(dx2)2]
z4+η2
+ ds2S5 ,
B2 =
η
z4+η2
dx1∧dx2 , Φ = 1
2
log
[
z4
z4+η2
]
.
(4.4)
The next task is to derive the R-R fields of the deformed background. Using the undeformed
R-R 5-form field strength (2.62) of the AdS5×S5 background, we find that the deformed filed
F = e−β∨ Fˆ5 is given by
F = e−β∨ Fˆ5 = 4
(
ωAdS5 +ωS5
)− 4β ∨ωAdS5
= 4
(
ωAdS5 +ωS5
)− 4η dz∧dx0∧dx3
z5
,
(4.5)
which is a linear combination of the deformed R–R field strengths with different rank. Hence
we can readily read off the following expressions:
F3 =−4η dz∧dx
0∧dx3
z5
, F5 = 4
(
ωAdS5 +ωS5
)
. (4.6)
The deformed R–R fields Fˆ ′ can be computed as
Fˆ ′ = e−B2∧F
=−4η dz∧dx
0∧dx3
z5
+ 4
(
z4
z4+η2
ωAdS5 +ωS5
)
− 4B2∧ωS5 (4.7)
to obtain
Fˆ ′1 = 0 , Fˆ
′
3 =−4η
dz∧dx0∧dx3
z5
,
Fˆ ′5 = 4
(
z4
z4+η2
ωAdS5 +ωS5
)
,
Fˆ ′7 =−4B2∧ωS5 .
(4.8)
The full deformed background, given by (4.4) and (4.8), is a solution of standard type IIB
supergravity. This is the gravity dual of non-commutative gauge theory [49, 50].
This example shows how, instead of the cumbersome supercoset construction, we can
derive the full expression of the YB-deformed backgrounds using formula (3.112), which
only requires the knowledge of the classical r-matrix.
4.1.2. Lunin–Maldacena–Frolov background. Next, we will consider r-matrix
r =
1
2
(µ3 h1∧h2+ µ1h2∧h3+ µ2h3∧h1) , (4.9)
which is composed of the Cartan generators h1 , h2 and h3 of su(4) . Here, the µi (i= 1,2,3)
are deformation parameters. The metric and B–field were computed in [14] and the full
background was reproduced in [11] by performing the supercoset construction.
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The associated β -field is
β = 2η (µ3 ∂φ1 ∧∂φ2 + µ1∂φ2 ∧∂φ3 + µ2∂φ3 ∧∂φ1) . (4.10)
By using the formula (3.112), we obtain the deformed background
ds2 = ds2AdS5 +
3
∑
i=1
(
dρi
2+G(γˆi)ρi
2dφi
2)+G(γˆi)ρ12ρ22ρ32
(
3
∑
i=1
γˆidφi
)2
,
B2 = G(γˆi)(γˆ3 ρ1
2ρ2
2dφ1∧dφ2+ γˆ1ρ22ρ32dφ2∧dφ3+ γˆ2ρ32ρ12dφ3∧dφ1) ,
Φ =
1
2
logG(γˆi) ,
Fˆ3 =−4 sin3 α cos α sinθ cosθ
(
3
∑
i=1
γˆi dφi
)
∧dα ∧dθ ,
Fˆ5 = 4
(
ωAdS5 +G(γˆi)ωS5
)
,
(4.11)
where we defined new coordinates ρi (i= 1,2,3) as
ρ1 = sinrcosζ , ρ2 = sinr sinζ , ρ3 = cosr . (4.12)
The deformation parameters γˆi are defined by
γˆi = 8ηµi , (4.13)
and the scalar function G(γˆi) is given by
G−1(γˆi)≡ 1+ sin2 r(γˆ21 cos2 r sin2 ζ + γˆ22 cos2 rcos2 ζ + γˆ23 sin2 r sin2 ζ cos2 ζ ) . (4.14)
The background (4.11) has originally been derived in [48]. Supersymmetry is completely
broken.
This changes when all deformation parameters γˆi are set equal,
γˆ1 = γˆ2 = γˆ3 ≡ γˆ . (4.15)
The background becomes
ds2 =
3
∑
i=1
(
dρi
2+Gρi
2dφi
2)+Gγˆ2ρ12ρ22ρ32
(
3
∑
i=1
dφi
)2
,
B2 = G γˆ(ρ1
2ρ2
2dφ1∧dφ2+ρ22ρ32dφ2∧dφ3+ρ32ρ12dφ3∧dφ1) ,
Φ =
1
2
log G ,
Fˆ3 =−4γˆ sin3 α cos α sinθ cosθ
(
3
∑
i=1
dφi
)
∧dα ∧dθ ,
Fˆ5 = 4
(
ωAdS5 +GωS5
)
,
(4.16)
where the scalar function G is
G−1 ≡ 1+ γˆ
2
4
(sin2 2r+ sin4 r sin2 2ζ ) . (4.17)
In this special case the background preserves 8 supercharges. The gauge dual of the
background (4.16) is known as β -deformed N =4 super Yang–Mills (SYM) [47] which is
an exactly marginal deformation of N =4 SYM [78] preserving N = 1 supersymmetry.
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4.1.3. Schrödinger spacetime. Finally, we consider the Abelian r-matrix [16]
r =
1
2
P−∧ (h1+ h2+ h3) , (4.18)
where P− = (P0− P3)/
√
2 is a light-cone transformation generator in so(2,4) . Using the
coordinate system given in (4.21), (4.22), the β -field can be expressed as
β =−η ∂−∧∂χ . (4.19)
Via the formula (3.112), the resulting deformed background is given by
ds2 =
−2dx+dx−+(dx1)2+(dx2)2+ dz2
z2
−η2 (dx
+)2
z4
+ ds2
S5
,
B2 =
η
z2
dx+∧ (dχ +ω) , Φ = 0 , Fˆ5 = 4
(
ωAdS5 +ωS5
)
.
(4.20)
Here the metric of S5 is described as an S1-fibration over CP2 and its explicit form is
ds2S5 = (dχ +ω)
2+ ds2
CP2 ,
ds2
CP2 = dµ
2+ sin2 µ
(
Σ21+Σ
2
2+ cos
2 µ Σ23
)
, (4.21)
where χ is the fiber coordinate and ω is a one-form potential of the Kähler form on CP2 .
Σi (i= 1,2,3) and ω are defined by
Σ1 ≡ 12 (cosψ dθ + sinψ sinθ dφ) ,
Σ2 ≡ 12 (sinψ dθ − cosψ sinθ dφ) ,
Σ3 ≡ 12 (dψ + cosθ dφ) , ω ≡ sin2 µ Σ3 .
(4.22)
Note that the S5 part of the metric, the R-R 5-form field strength and the dilaton remain
undeformed.
This deformed background is called Schrödinger spacetime and was first introduced
in [79]. It is the gravity dual of dipole CFTs [80–82]. Its classical integrability was discussed
from the perspective of T-duality [83] in [84]. The spectral problem was recently studied
in [85] using integrability methods.
4.2. Non-unimodular classical r-matrices
In this section, we consider YB deformations associated to non-unimodular r-matrices. As
explained in the previous sections, these deformed backgrounds are solutions to the GSE. We
also show that some of them reduce to the original AdS5× S5 background after performing a
generalized TsT transformation.
1. r = P1∧D. As a first example, let us consider the non-Abelian classical r-matrix
r =
1
2
P1∧D . (4.23)
It is a solution of the homogeneous CYBE which was already used to study a YB deformation
of four-dimensional Minkowski spacetime [33].
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The corresponding β -field is
β = η ∂1∧ (t ∂t + z∂z) , (4.24)
where we have rewritten the four-dimensional Cartesian coordinates as
x0 = t sinhφ , x2 = t coshφ cosθ , x3 = t coshφ sinθ . (4.25)
Then, the deformed background is found to be∗
ds2 =
z2[dt2+(dx1)2+ dz2]+η2(dt− tz−1dz)2
z4+η2(z2+ t2)
+
t2(−dφ2+ cosh2 φ dθ2)
z2
+ ds2S5 ,
B2 =−η t dt ∧dx
1+ zdz∧dx1
z4+η2(t2+ z2)
, Φ =
1
2
log
[
z4
z4+η2(t2+ z2)
]
,
Fˆ3 =−4η t
2 coshφ
z4
[
dt ∧dθ ∧dφ − t
z
dθ ∧dφ ∧dz
]
,
Fˆ5 = 4
[
z4
z4+η2(t2+ z2)
ωAdS5 +ωS5
]
, I =−η ∂1 .
(4.26)
Note here that the φ direction has time-like signature. These fields do not satisfy the EOM of
type IIB supergravity, but solve the equations of generalized type IIB supergravity. The GSE
has the Killing vector I = η ∂1 which satisfies the divergence formula
I1 = η =−Dmβ 1m . (4.27)
Let us now perform T-dualities on the deformed background (4.26). Following [12], the extra
fields are traded for a linear term in the dual dilaton. T-dualizing along the x1 and φ3 directions,
we find:
ds2 = z2 (dx1)2+
1
z2
[
(dt+ηt dx1)2+(dz+ηzdx1)2− t2dφ2+ t2 cosh2 φ dθ2
]
+ dr2+ sin2 rdξ 2+ cos2 ξ sin2 r dφ1
2+ sin2 r sin2 ξ dφ2
2+
dφ3
2
cos2 r
,
eΦFˆ5 =
4t2 coshφ
z4 cosr
(dt+ηt dx1)∧ (dz+ηzdx1)∧dθ ∧dφ ∧dφ3
+ 2zsin3 r sin2ξ dx1∧dr∧dξ ∧dφ1∧dφ2 ,
Φ = ηx1+ log
[ z
cosr
]
.
(4.28)
Remarkably, this is a solution of the usual type IIB supergravity equations rather than the
generalized ones. Note that the dilaton has a linear dependence on x1. This same strategy
was used in [87] to show that the Hoare–Tseytlin solution is “T-dual” to the η-deformed
background.
The “T-dualized” background in (4.28) is a solution to the standard type IIB equations
and has a remarkable property: it is locally equivalent to undeformed AdS5× S5. Let us first
perform the following change of coordinates:
t = t˜(1−η x˜1) , z= z˜(1−η x˜1) , x1 =− 1
η
log
(
1−η x˜1) . (4.29)
∗ The metric and NS-NS two-form were computed in [86].
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Note that the new coordinate system does not cover all of spacetime: the new coordinate x˜1
has to be restricted to the region x˜1 < η−1 . The signature of η was fixed when we chose the
deformation. This change of coordinates achieves the following points:
• it diagonalizes the metric;
• it absorbs the x1-dependence of the dilaton into the z˜ variable, such that ∂1 is now a
symmetry of the full background.
Explicitly, we find
ds2 = z˜2 (dx˜1)2+
1
z˜2
[
dρ2+ dz˜2−ρ2dφ2+ρ2 cosh2 φ dθ 2
]
+ dr2+ sin2 rdξ 2+ cos2 ξ sin2 r dφ1
2+ sin2 r sin2 ξ dφ2
2+
dφ3
2
cos2 r
,
eΦFˆ5 =
4ρ2 coshφ
z˜4 cosr
dρ ∧dz˜∧dθ ∧dφ ∧dφ3
+ 2z˜sin3 r sin2ξ dx˜1∧dr∧dξ ∧dφ1∧dφ2 ,
Φ = log
[
z˜
cosr
]
.
(4.30)
Now we can perform again the two standard T-dualities along x˜1 and φ3 to find, as mentioned
above, the undeformed AdS5×S5 background∗.
Let us summarize what we have done. We have started with a YB deformation of AdS5
described by the non-Abelian r-matrix (4.23). Using the formula (3.112), we have found the
corresponding deformed background (4.26) which is a solution to the generalized equations
described in Section 3.5. Then we have “T-dualized” this background using the rules of [12]
to find a new background (4.28) which solves the standard supergravity equations, but whose
dilaton depends linearly on one of the T-dual variables. Finally, we have observed that after a
change of variables, this last background is locally equivalent to the T-dual of the undeformed
AdS5× S5. This result implies that the YB deformation with the classical r-matrix in (4.23)
can be interpreted as an integrable twist, just like in the case of Abelian classical r-matrices
(see for example [48, 88–90]).
2. r = (P0−P3)∧ (D+M03). Our next example is the classical r-matrix
r =
1
2
√
2
(P0−P3)∧ (D+M03) , (4.31)
whereM03 is the generator of the Lorentz rotation in the plane (x0,x3). Then the β -field is
β = η ∂−∧ (ρ dρ + zdz) , (4.32)
where the Cartesian coordinates of four-dimensional Minkowski spacetime xµ are
x± =
1√
2
(x0± x3) , x1 = ρ cosθ , x2 = ρ sinθ . (4.33)
The divergence of the β -field is given by
I− =−2η = Dmβ−m . (4.34)
∗ The usual Poincaré coordinates are found using the same change of coordinates as in (4.25).
Yang-Baxter deformations and generalized supergravity 36
Performing the supercoset construction [11], we obtain the corresponding background:
ds2 =
−2dx+dx−+ dρ2+ρ2dθ 2+ dz2
z2
−η2
[
ρ2
z6
+
1
z4
]
(dx+)2+ ds2
S5
,
B2 =−η dx
+∧ (ρ dρ + z dz)
z4
,
Fˆ3 = 4η
[
ρ2
z5
dx+∧dθ ∧dz+ ρ
z4
dx+∧dρ ∧dθ
]
,
Fˆ5 = 4(ωAdS5 +ωS5) ,
Φ = Φ0 (constant), I =−2η ∂− .
(4.35)
This background is a solution of the GSE characterized by the Killing vectors I =−2η ∂− .
Let us perform four “T-dualities” along the x+ ,x− ,φ1 and φ2 directions∗. The resulting
background is given by
ds2 = − 2z2dx+ dx−+ (dρ +ηρ dx
−)2+ρ2dθ2+(dz+ηzdx−)2
z2
+ dr2+ sin2 r dξ 2+
dφ1
2
cos2 ξ sin2 r
+
dφ2
2
sin2 r sin2 ξ
+ cos2 rdφ3
2 ,
eΦFˆ5 =
4iρ
z3 sinξ cosξ sin2 r
(dρ +ηρ dx−)∧dθ ∧ (dz+ηzdx−)∧dφ1∧dφ2
+ 4iz2 sinrcosrdx+∧dx−∧dr∧dξ ∧dφ3 ,
Φ = 2ηx−+ log
[
z2
sin2 r sinξ cosξ
]
,
(4.36)
where all other components are zero.
The “T-dualized” background in (4.36) is a solution to the standard type IIB equations
and is again locally equivalent to undeformed AdS5× S5. Let us first change the coordinates
as follows:
x− =− 1
2η
log
(
1− 2η x˜−) , ρ = ρ˜√1− 2η x˜− ,z = z˜√1− 2η x˜− . (4.37)
Explicitly, we find
ds2 = − 2z˜2dx+ dx˜−+ dρ˜
2+ ρ˜2dθ 2+ dz˜2
z˜2
+ dr2+ sin2 rdξ 2+
dφ1
2
cos2 ξ sin2 r
+
dφ2
2
sin2 r sin2 ξ
+ cos2 rdφ3
2 ,
eΦFˆ5 =
4iρ˜
z˜3 sinξ cosξ sin2 r
dρ˜ ∧dθ ∧dz˜∧dφ1∧dφ2
+ 4iz˜2 sinrcosr dx+∧dx˜−∧dr∧dξ ∧dφ3 ,
Φ = log
[
z˜2
sin2 r sinξ cosξ
]
.
(4.38)
∗ To perform the T-dualities in the two light-like directions one can equivalently pass to Cartesian coordinates (x0,x3),
T-dualize in these and finally introduce light-like combinations for the T-dual variables.
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Now, rewriting the light-like coordinates in terms of the Cartesian coordinates as
x+ ≡ 1√
2
(x˜0+ x˜3) , x˜− ≡ 1√
2
(x˜0− x˜3) , (4.39)
and performing four T-dualities along x˜0, x˜3, φ1 and φ2, we reproduce the undeformed
AdS5× S5 background.
Mixing of Abelian and non-Abelian classical r-matrices. This example admits a
generalization, obtained by mixing Abelian and non-Abelian classical r-matrices:
r =
1
2
√
2
(P0−P3)∧ [a1(D+M03)+ a2M12] . (4.40)
When a2 = 0, the classical r-matrix reduces to the one described above; when a1 = 0, the
r-matrix becomes Abelian and the associated background is the Hubeny–Rangamani–Ross
solution of [91], as shown in [11].
In [11] it was shown that with a supercoset construction, one finds the following ten-
dimensional background:
ds2 =
−2dx+dx−+ dρ2+ρ2dθ 2+ dz2
z2
−η2
[
(a21+ a
2
2)
ρ2
z6
+
a21
z4
]
(dx+)2+ ds2S5 ,
B2 =− η
z4
dx+∧ [a1(ρ dρ + zdz)− a2ρ2 dθ] ,
Fˆ3 =
4ηρ
z5
dx+∧ [a1(zdρ−ρ dz)∧dθ + a2dρ ∧dz] ,
Fˆ5 = 4(ωAdS5 +ωS5) ,
Φ = Φ0 (constant) , I =−2η a1∂− .
(4.41)
This background is still a solution of the GSE with the Killing vector I = −2η a1∂− . This
background can be reproduced by using the formula (3.112) with
β = η ∂−∧ [a1 (ρ dρ + zdz)− a2∂θ ] . (4.42)
The Killing vector I also satisfies
I− =−2η a1 = Dmβ−m . (4.43)
In the special case a1 = 0, the above background reduces to a solution of standard type IIB
supergravity.
Let us next perform four “T-dualities” along the x+ ,x− ,φ1 and φ2 directions. Then we
can obtain a solution of the usual type IIB supergravity:
ds2 = − 2z2dx+ dx−+ (dρ +ηa1ρ dx
−)2+ρ2(dθ −ηa2dx−)2+(dz+ηa1zdx−)2
z2
+ dr2+ sin2 rdξ 2+
dφ1
2
cos2 ξ sin2 r
+
dφ2
2
sin2 r sin2 ξ
+ cos2 rdφ3
2 ,
eΦFˆ5 =
4iρ
z3 sinξ cosξ sin2 r
(dρ +ηa1ρ dx
−)∧ (dθ −ηa2dx−)∧ (dz+ηa1zdx−)∧dφ1∧dφ2
+ 4iz2 sinrcosrdx+∧dx−∧dr∧dξ ∧dφ3 ,
Φ = 2ηa1x
−+ log
[
z2
sin2 r sinξ cosξ
]
,
(4.44)
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where all other components are zero. It is easy to see that this is just a twist of the previous
solution (in (4.38)) and in fact there is a change of variables
ρ = ρ˜ e−ηa1 x
−
, z= z˜e−ηa1 x
−
, θ = θ˜ −η a2x− , x− =− 12ηa1 log
(
1− 2ηa1 x˜−
)
,
(4.45)
that maps this background to the same local form:
ds2 = − 2z˜2dx+ dx˜−+ dρ˜
2+ ρ˜2dθ˜
2
+ dz˜2
z˜2
+ dr2+ sin2 rdξ 2+
dφ1
2
cos2 ξ sin2 r
+
dφ2
2
sin2 r sin2 ξ
+ cos2 rdφ3
2 ,
eΦFˆ5 =
4iρ˜
z˜3 sinξ cosξ sin2 r
dρ˜ ∧dθ˜ ∧dz˜∧dφ1∧dφ2
+ 4iz˜2 sinrcosr dx+∧dx˜−∧dr∧dξ ∧dφ3 ,
Φ = log
[
z˜2
sin2 r sinξ cosξ
]
,
(4.46)
which is a T-dual of the undeformed AdS5×S5 background.
3. r = (P0−P3)∧D. Our last example is the classical r-matrix
r =
1
2
√
2
(P0−P3)∧D , (4.47)
which is another solution of the homogeneous CYBE. The associated β -field is
β = η ∂−∧ (ρ dρ + zdz+ x+∂+) . (4.48)
Here the following new coordinates have been introduced:
x0 =
x++ x−√
2
, x3 =
x+− x−√
2
, x1 = ρ cosθ , x2 = ρ sinθ . (4.49)
Using the formula (3.112), the associated background is found to be∗
ds2 =
1
z4−η2(x+)2
[
z2(−2dx+dx−+ dz2)+ 2η2z−2x+ρ dx+ dρ−η2z−2ρ2(dx+)2
−η2(dx+− x+z−1 dz)2
]
+
dρ2+ρ2dθ2
z2
+ ds2S5 ,
B2 = −η dx
+∧ (zdz+ρ dρ− x+dx−)
z4−η2(x+)2 ,
Fˆ3 = 4η
ρ
z4
[
ρ
z
dx+∧dθ ∧dz+ dx+∧dρ ∧dθ − x
+
z
dρ ∧dθ ∧dz
]
,
Fˆ5 = 4
[
z4
z4−η2(x+)2 ωAdS5 +ωS5
]
,
Φ =
1
2
log
[
z4
z4−η2(x+)2
]
, I =−η ∂− .
(4.50)
∗ The metric and NS-NS two-form were computed in [86].
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This background satisfies the GSE with the Killing vector I = −η ∂− . In particular, the
divergence formula (3.127) works well.
As of now, an appropriate T-dual frame in which this background is a solution to the
standard type IIB equations with a linear dilaton has not been found. However, the deformed
background can be reproduced by a generalized diffeomorphism which is a gauge symmetry
of DFT (see (18) in [21]).
5. T -folds from YB deformations
In this chapter, we will concentrate on YB deformations of Minkowski and AdS5 × S5
backgrounds, and show that the deformed backgrounds we consider here belong to a specific
class of non-geometric backgrounds, called T -folds [92]. It is worth noting that these
examples have the intriguing feature that also the R-R fields are twisted by the T -duality
monodromy, as opposed to the well-known T -folds which include no R-R fields.
5.1. A brief review of T -folds
In this subsection, we briefly explain the notion of the T -fold. A T -fold is a generalization of
the usual notion of manifold. It locally looks like a Riemannian manifold, but its patches are
glued together not just by diffeomorphisms but also by T -duality. T-folds play a significant
role in the study of non-geometric fluxes beyond the effective supergravity description. As
illustrative examples, we revisit two well-known cases in the literature corresponding to a
chain of duality transformations [93, 94] and to a codimension-1 522-brane solution [95–97].
Different string theories are related by discrete dualities. It is possible that via such
a duality transformations, a flux configuration turns into a non-geometric flux, meaning
it cannot be realized in terms of the usual fields in 10/11-dimensional supergravity. This
suggests that we need to go beyond the usual geometric isometries to fully understand flux
compactifications.
For the case of T -duality, one proposal to address this problem is the so-called doubled
formalism. This construction is based on the generalization of a manifold in which all the
local patches are geometric. However, the transition functions that are needed to glue these
patches include not only the usual diffeomorphisms and gauge transformations, but also T -
duality transformations.
T -fold backgrounds are formulated in an enlarged space with a T n × T˜ n fibration.
The tangent space is the doubled torus T n × T˜ n and is described by a set of coordinates
YM = (ym, y˜m) which transform in the fundamental representation of O(n,n). The physical
internal space arises as a particular choice of a subspace of the double torus, T nphys ⊂ T n× T˜ n
(this is called a polarization). Then T -duality transformations O(n,n;Z) act by changing the
physical subspace T nphys to a different subspace of the enlarged T
n× T˜ n. For a geometric
background, we have a spacetime which is a geometric bundle, T nphys = T
n∗. More general
non-geometric backgrounds do not fit together to form a conventionalmanifold: despite being
locally well-defined, they don’t have a valid global geometric description. Instead, they are
globally well-defined as T -folds.
This formulation is manifestly invariant under the T -duality group O(n,n;Z), which
is broken by the choice of polarization. T -duality transformations allow to identify the
∗ We can also have T nphys = T˜
n, which corresponds to a dual geometric description.
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backgrounds that belong to the same physical configuration or duality orbit and just differ
by a choice of polarization∗.
Let us now review some examples of T -folds that have been studied in the literature.
5.1.1. A toy example. We start by reviewing a toy model that involves several duality
transformations of a given background. This example has been discussed in [93, 94]. Before
introducing the T -fold, we will discuss geometric cases such as the twisted torus and the torus
with H-flux as a warm-up.
Twisted torus. Let us consider the metric of a twisted torus,
ds2 = dx2+ dy2+(dz−mxdy)2 , (m ∈ Z) . (5.1)
Note that this is not a supergravity solution for m 6= 0, but can serve to exemplify the non-
geometric global property. As this background has isometries along the y and z directions,
these directions can be compactified with certain boundary conditions. For example, let us
take
(x, y, z)∼ (x, y+ 1, z) , (x, y, z)∼ (x, y, z+ 1) . (5.2)
There is no isometry along the x direction, but there is a Killing vector that can be thought of
as a deformation with parameter m:
k = ∂x+my∂z . (5.3)
Also this isometry direction can be compactified imposing
(x, y, z)∼ ek(x, y, z) = (x+ 1, y, z+my) . (5.4)
Under this identification, both the 1-form ez ≡ dz−mxdy and the metric (5.1) are globally
well-defined [93].
This background can be regarded as a 2-torus T 2y,z fibered over a base S
1
x . The metric of
the 2-torus is
(gmn) =
(
1 −mx
0 1
)(
1 0
0 1
)(
1 0
−mx 1
)
. (5.5)
Then, as one moves around the base S1x , the metric is transformed by a GL(2) rotation. That
is to say, for x→ x+ 1, the metric is given by
gmn(x+ 1) =
[
ΩT g(x)Ω
]
mn
, Ωmn ≡
(
1 0
−m 1
)
. (5.6)
This monodromy twist can be compensated by a coordinate transformation
y= y′ , z= z′+my′ . (5.7)
In other words, the metric is single-valued up to a diffeomorphism. In this sense this
background is geometric.
∗ These orbits have been determined in terms of a classification of gauged supergravities in [98].
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Torus with H-flux. When a T -duality is formally performed on the twisted torus (5.1) along
the x direction, we obtain the background
ds2 = dx2+ dy2+ dz2 , B2 =−mxdy∧dz , (5.8)
equipped with the H-flux
H3 = dB2 =−mdx∧dy∧dz . (5.9)
If we consider the generalized metric (3.96) on the doubled torus (y,z, y˜, z˜) associated to
this background, then we can easily identify the induced monodromy when x→ x+ 1. The
monodromy matrix is given by
HMN(x+ 1) =
[
ΩTH (x)Ω
]
MN
, ΩMN =
(
δmn 0
2mδ y
[m
δ z
n]
δ nm
)
∈ O(2,2;Z) . (5.10)
The induced monodromy can be compensated by a constant shift in the B-field,
Byz → Byz−m. (5.11)
This shift transformation, which makes the background single-valued, is a gauge
transformation of supergravity. In this sense, this background is also geometric.
T-fold. Finally, let us perform another T -duality transformation along the y-direction on the
twisted torus (5.1). We obtain the background [93]
ds2 = dx2+
dy2+ dz2
1+m2 x2
, B2 =
mx
1+m2 x2
dy∧dz . (5.12)
In this case, neither general coordinate transformations nor B-field gauge transformations
are enough to remove the multi-valuedness of the background. This can also be seen by
calculating the monodromymatrix. The associated generalized metric is given by
H (x) =
(
δ pm 0
−2mxδ [my δ p]z δmp
)(
δpq 0
0 δ pq
)(
δ qn 2mxδ
[q
y δ
n]
z
0 δ nq
)
. (5.13)
We find that, upon the transformation x→ x+ 1, the induced monodromy is
HMN(x+ 1) =
[
ΩTH (x)Ω
]
MN
, ΩMN ≡
(
δmn 2mδ
[m
y δ
n]
z
0 δ nm
)
∈ O(2,2;Z) . (5.14)
The present O(2,2;Z)monodromymatrixΩ takes an upper-triangular form i.e. it corresponds
to a β -transformation which is not part of the gauge group of supergravity. Hence, to keep
the background globally well defined, the transition functions that glue the local patches
should be extended to the full set of O(2,2;Z) transformations beyond general coordinate
transformations and B-field gauge transformations. This is what happens in the T -fold case.
In summary, we conclude that a non-geometric background with a non-trivial O(n,n;Z)
monodromy transformation, such as a β -transformation, is a T -fold. The background (5.12)
is a simple example.
From the viewpoint of DFT, β -transformations can be realized as gauge symmetries by
choosing a suitable solution of the section condition. Indeed, the above O(2,2;Z)monodromy
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matrix Ω can be canceled by a generalized coordinate transformation on the double torus
coordinates (y,z, y˜, z˜):
y= y′+mz˜′ , z= z′ , y˜= y˜′ , z˜= z˜′ . (5.15)
In this sense, the twisted doubled torus is globally well-defined in DFT.
It is also possible to make the single-valuedness manifest by using the dual fields (Gmn ,
βmn , φ˜ ) defined by (3.101) or (3.102), (3.103). In the non-geometric parametrization (3.101),
the background (5.13) becomes
ds2dual = Gmn dx
m dxn = dx2+ dy2+ dz2 , β yz = mx , (5.16)
and the O(2,2;Z) monodromy matrix (5.14) corresponds to a constant shift in the β -field,
β yz → β yz+m . We see that up to a constant β -shift, which is a gauge symmetry (5.15) of
DFT, the background becomes single-valued.
We now define the non-geometricQ-flux [99],
Qp
mn ≡ ∂pβmn . (5.17)
After the transformation x→ x+ 1, the induced monodromy on the β -field can be measured
by an integral of the Q-flux,
βmn(x+ 1)−βmn(x) =
∫ x+1
x
dx′p ∂pβmn(x′) =
∫ x+1
x
dx′pQpmn(x′) . (5.18)
This expression plays a central role in our argument.
After this illustrative example we conclude that Q-flux backgrounds are globally well-
defined as T -folds. In the next subsection, we give a codimension-1 example of the exotic
522-brane using the above Q-flux.
5.1.2. The codimension-1 522-brane background. Our second example is a supergravity
solution studied in [95]. It is obtained by smearing the codimension-2 exotic 522-brane solution
[96, 97], which is related to the NS5-brane solution by two T -duality transformations. It is
also referred to as a Q-brane, as it is a source of Q-flux as we will see in the following. The
codimension-1 version of this solution is given by
ds2 = mx(dx2+ dy2)+
x(dz2+ dw2)
m(x2+ z2)
+ ds2
R6
,
B2 =
x
m(x2+ z2)
dz∧dw , Φ = 1
2
log
[
x
m(x2+ z2)
]
.
(5.19)
With the non-geometric parametrization (3.101), this solution simplifies:
ds2dual = mx(dx
2+ dy2)+
dz2+ dw2
mx
+ ds2
R6
,
β zw = my , φ˜ =
1
2
log
[
1
mx
]
.
(5.20)
Assuming that the y direction is compactified with y∼ y+1, the monodromy under y→ y+1
corresponds to a constant shift of the field β :
β zw → β zw+m . (5.21)
Yang-Baxter deformations and generalized supergravity 43
As the background is twisted by a β -shift, this is an example of a T -fold with constant Q-flux
Qy
zw = m . (5.22)
Finally, the monodromy matrix is given by
HMN(y+ 1) =
[
ΩTH (y)Ω
]
MN
, ΩMN ≡
(
δmn 2mδ
[m
z δ
n]
w
0 δ nm
)
∈O(10,10;Z) . (5.23)
Employing the knowledge of T -folds introduced in this section, we will next elaborate on the
non-geometric aspects of YB-deformed backgrounds when seen as T -folds.
5.2. Non-geometric aspects of YB deformations
Here we will show that various YB-deformed backgrounds can be regarded as T-folds.
5.2.1. T -duality monodromy of YB-deformed backgrounds. As we explained in Sec-
tion 3.8.2, the homogeneous YB-deformed background described by (H ′, d′,F ′) always has
the structure
H
′ = eβ
T
H eβ , d′ = d , F ′ = e−β∨ Fˇ ,
eβ =
(
δmn β
mn
0 δ nm
)
, βmn = 2η ri j Tˆmi Tˆ
n
j ,
(5.24)
where (H , d, Fˇ) represent the undeformed background and F is defined in (3.111). In the
following examples, the B-field vanishes in the undeformed background. At this stage, we
know only the local properties of the YB-deformed background.
In the examples considered in this section, the bi-vector βmn always has a linear
coordinate dependence. Pick a frame in which βmn depends linearly on a coordinate y,
βmn =rmn y+ r¯mn (rmn : constant, r¯mn : independent of y) , (5.25)
and the β -untwisted fields are independent of y. Then, from the Abelian property
eβ1+β2 = eβ1 eβ2 = eβ2 eβ1 , e−(β1+β2)∨ = e−β1∨ e−β2∨ = e−β2∨ e−β1∨ , (5.26)
we obtain
HMN(y+ a) =
[
ΩTaH (y)Ωa
]
MN
, d(y+ a) = d(y) , F(y+ a) = e−ωa∨F(y) ,
(Ωa)
M
N ≡
(
δmn a r
mn
0 δ nm
)
, (ωa)
mn ≡ a rmn .
(5.27)
This is in general an element of O(10,10;R). If there is a value a0 such that the matrix
Ωa0 ∈ O(10,10;Z)), the background is consistent with an identification in the y direction of
the type y ∼ y+ a0 . This is because O(10,10;Z) is a gauge symmetry of String Theory
and the background can be identified up to a gauge transformation. In this example of a T -
fold, the monodromy matrices for the generalized metric and R-R fields are Ωa0 and e
−ωa0∨,
respectively, while the dilaton d is single-valued. Note that the R-R potential A has the same
monodromy as F .
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5.2.2. YB-deformed Minkowski backgrounds. In this subsection, we study YB-deformations
of Minkowski spacetime [33, 34]. We begin with a simple example of an Abelian YB
deformation. Next we present two purely NS-NS solutions of the GSE and show that they are
T -folds. These backgrounds have vanishing R-R fields and are the first examples of purely
NS-NS solutions of the GSE.
Abelian example. Let us consider the simple Abelian r-matrix [33]
r =−1
2
P1∧M23 . (5.28)
The corresponding YB-deformed background is given by
ds2 =−(dx0)2+ (dx
1)2+
[
1+(η x2)2
]
(dx2)2+
[
1+(η x3)2
]
(dx3)2+ 2η2 x2 x3 dx2dx3
1+η2
[
(x2)2+(x3)2
]
+
9
∑
i=4
(dxi)2 ,
B2 =
η dx1∧ (x2 dx3− x3dx2)
1+η2
[
(x2)2+(x3)2
] , Φ = 1
2
log
[
1
1+η2
[
(x2)2+(x3)2
]] . (5.29)
These expressions appear complicated, but after moving to an appropriate polar coordinate
system (see Section 3.1 of [33]), the background (5.29) is found to be the dual to the well-
known Melvin background [100–105]. In [33], it was reproduced as a YB deformation with
the classical r-matrix (5.28). For later convenience, we will keep using the expression in
(5.29).
The dual parametrization of this background is given by
ds2dual =−(dx0)2+
9
∑
i=1
(dxi)2 , β = η
(
x2 ∂1∧∂3− x3∂1∧∂2
)
, φ˜ = 0 . (5.30)
Hence, under a shift x2 → x2+η−1 , the background receives the β -transformation
β → β + ∂1∧∂3 . (5.31)
Therefore, if the x2 direction is compactified with the period η−1, then the monodromymatrix
becomes
HMN(x
2+η−1) =
[
ΩTH (x2)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
1 δ
n]
3
0 δ nm
)
∈ O(10,10;Z) . (5.32)
Thus this background turns out to be a T -fold.
When the x3 direction is also identified with the period η−1, the corresponding
monodromy matrix becomes
HMN(x
3+η−1) =
[
ΩTH (x3)Ω
]
MN
, ΩMN ≡
(
δmn −2δ [m1 δ n]2
0 δ nm
)
∈ O(10,10;Z) .
(5.33)
In terms of non-geometric fluxes, this background has a constantQ-flux. In the examples
of T -folds given in Section 5.1, a background with a constant Q-flux, Qpmn, is mapped to
another background with a constant H-flux, Hpmn, under a double T -duality along the xm and
xn directions. This is not possible in this case because ∂2 and ∂3 are not isometries and there
is no T-dual frame in which the H-flux is constant.
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Non-unimodular example 1: r = 12 (P0−P1)∧M01. Let us consider the non-unimodular
classical r-matrix [23]
r =
1
2
(P0−P1)∧M01 . (5.34)
The corresponding YB-deformed background is given by
ds2 =
−(dx0)2+(dx1)2
1−η2 (x0+ x1)2 +
9
∑
i=2
(dxi)2 ,
B2 =− η (x
0+ x1)
1−η2 (x0+ x1)2 dx
0∧dx1 , Φ = 1
2
log
[
1
1−η2 (x0+ x1)2
]
.
(5.35)
This background has a coordinate singularity at x0+x1 =±1/η which is removed in the dual
parametrization (3.101) where the dual fields are given by
ds2dual =−(dx0)2+
9
∑
i=1
(dxi)2 , β = η (x0+ x1)∂0∧∂1 , φ˜ = 0 , (5.36)
and they are regular everywhere∗.
By introducing the Killing vector I using the divergence formula (3.127),
I = D˜nβ
mn ∂m = ∂nβ
mn ∂m = η (∂0− ∂1) , (5.37)
the background (5.35) with this I solves the GSE. Here D˜n is the covariant derivative
associated to the original Minkowski spacetime.
Since the β -field depends linearly on x1, the background is twisted by the β -
transformation as one moves along the x1 direction. In particular, when the x1 direction
is identified with period 1/η , this background becomes a T -fold with an O(10,10;Z)
monodromy,
HMN(x
1+η−1) =
[
ΩTH (x1)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
0 δ
n]
1
0 δ nm
)
. (5.38)
Note that an arbitrary solution of the GSE can be regarded as a solution of DFT [56]. Indeed,
by introducing light-cone coordinates and a rescaled deformation parameter,
x± ≡ x
0± x1√
2
, η¯ =
√
2η , (5.39)
the present YB-deformed background can be regarded as the DFT-solution
H =

0 −1 −η¯ x+ 0
−1 0 0 η¯ x+
−η¯ x+ 0 0 (η¯ x+)2− 1
0 η¯ x+ (η¯ x+)2− 1 0
 , d = η¯ x˜− , (5.40)
where only the (x+,x−, x˜+, x˜−)-components of HMN are displayed. Note here that the dilaton
has an explicit dual-coordinate dependence because we are now considering a non-standard
∗ A similar resolution of singularities in the dual parametrization has been used in [106, 107] in the context of the
exceptional field theory.
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solution of the section condition which makes this background a solution of the GSE rather
than the usual supergravity.
Before performing the YB deformation (i.e. for η¯ = 0), there is a Killing vector χ ≡ ∂+ ,
but the associated isometry is broken for non-zero η¯ . However, even after deforming the
geometry, there exists a generalized Killing vector
χ ≡ eη¯ x˜− ∂+ , (5.41)
which turns into the original Killing vector in the undeformed limit, η¯ → 0 . Indeed, we can
show that the generalized metric and the DFT dilaton are invariant under the generalized Lie
derivative £ˆχ [29, 31] associated to χ ,
£ˆχHMN = 0 , £ˆχe
−2d = 0 . (5.42)
Here, the generalized Lie derivative acts on HMN(x) and d(x) as
£ˆχHMN = χ
K∂KHMN +(∂MV
K− ∂KVM)HKN +(∂NVK− ∂KVN)HMK , (5.43)
£ˆχe
−2d = ∂M(e−2dχM) . (5.44)
In order to make the generalized isometry manifest, let us consider a generalized coordinate
transformation,
x′+ = e−η¯ x˜− x+ , x˜′− =−η¯−1 e−η¯ x˜− , x′M = xM (others) . (5.45)
By employing Hohm and Zwiebach’s finite transformation matrix [108],
FM
N =
1
2
( ∂xK
∂x′M
∂x′K
∂xN
+
∂x′M
∂xK
∂xN
∂x′K
)
, (5.46)
the generalized Killing vector in the primed coordinates becomes constant, χ = ∂ ′+ . We
can also check that the generalized metric in the primed coordinate system is precisely
the undeformed background. At least locally, the YB deformation can be undone by
the generalized coordinate transformation∗. This fact is consistent with the fact that YB
deformations can be realized as generalized diffeomorphisms [21].
Non-Riemannian background. Since the above background has a linear coordinate
dependence on x˜− , let us rotate the solution to the canonical section (i.e. the section in which
all of the fields are independent of the dual coordinates). By performing a T -duality along the
x− direction, we obtain
H =

0 0 −η¯ x+ −1
0 0 (η¯ x+)2− 1 η¯ x+
−η¯ x+ (η¯ x+)2− 1 0 0
−1 η¯ x+ 0 0
 , d = η¯ x− . (5.47)
The resulting background is indeed a solution of DFT defined on the canonical section.
However, this solution cannot be parameterized in terms of (gmn, Bmn) and is called a non-
Riemannian background in the terminology of [109]. This background does not even allow
the dual parametrization (3.101) in terms of (Gmn, βmn)†.
∗ In the study of YB deformations of AdS5 , the similar phenomenon has already been observed in [18].
† For another example of non-Riemannian backgrounds, see [109]. A classification of non-Riemannian backgrounds
in DFT has been made in [110]. In the context of the exceptional field theory, non-Riemannian backgrounds have
been found in [107] even before [109]. There, the type IV generalized metrics do not allow either the conventional
nor the dual parametrization similar to our solution (5.47).
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Non-unimodular example 2: r = 1
2
√
2
∑4µ=0
(
M0µ −M1µ
)∧Pµ . Our next example is the
classical r-matrix [34]
r =
1
2
√
2
4
∑
µ=0
(
M0µ −M1µ
)∧Pµ . (5.48)
This classical r-matrix is a higher-dimensional generalization of the light-cone κ-Poincaré
r-matrix in the four dimensional case. Using light-cone coordinates,
x± ≡ x
0± x1√
2
, (5.49)
the corresponding YB-deformed background becomes
ds2 =
−2dx+dx−−η2dx+[∑4i=2(xi)2 dx+− 2x+∑4i=2 xi dxi]
1− (η x+)2 +
9
∑
i=2
(dxi)2 ,
B2 =
η dx+∧ (x+ dx−−∑4i=2 xi dxi)
1− (η x+)2 , Φ =
1
2
log
[
1
1− (η x+)2
]
.
(5.50)
In terms of the dual parametrization, this background becomes
ds2dual =−2dx+dx−+
9
∑
i=2
(dxi)2 , φ˜ = 0 ,
β = η
4
∑
µ=0
Mˆ−µ ∧ Pˆµ = η ∂−∧
(
x+ ∂++∑
4
i=2 x
i ∂i
)
.
(5.51)
Again, by introducing the Killing vector I using the divergence formula (3.127),
I = 4η ∂− , (5.52)
the background (5.50) with this I solves the GSE. This background can also be regarded as
the following solution of DFT:
H =

0 −1 0 0 0 −η x+ 0 −η x2 −η x3 −η x4
−1 0 0 0 0 0 η x+ 0 0 0
0 0 1 0 0 0 −η x2 0 0 0
0 0 0 1 0 0 −η x3 0 0 0
0 0 0 0 1 0 −η x4 0 0 0
−η x+ 0 0 0 0 0 (η x+)2 −1 0 0 0
0 η x+ −η x2 −η x3 −η x4 (η x+)2 −1 η2 ∑4i=2(xi )2 η2 x+ x2 η2 x+ x3 η2 x+ x4
−η x2 0 0 0 0 0 η2 x+ x2 1 0 0
−η x3 0 0 0 0 0 η2 x+ x3 0 1 0
−η x4 0 0 0 0 0 η2 x+ x4 0 0 1
 ,
d = 4η x˜− ,
(5.53)
where only the (x+, x−, x2, x3, x4, x˜+, x˜−, x˜2, x˜3, x˜4)-components of HMN are displayed.
When one of the (x2, x3, x4)-coordinates, say x2, is compactified with the period x2 ∼
x2+η−1, the monodromy matrix is given by
HMN(x
2+η−1) =
[
ΩTH (x2)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
− δ
n]
2
0 δ nm
)
∈ O(10,10;Z) , (5.54)
and in this sense the compactified background is a T -fold. In terms of the non-geometric
Q-flux, this background has the following components:
Q+
−+ = Q2−2 = Q3−3 = Q4−4 = η . (5.55)
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5.3. A non-geometric background from non-Abelian T -duality
Before considering YB-deformations of AdS5× S5 , let us consider another example with a
pure NS-NS background, which was found in [111] via a non-Abelian T -duality. It takes the
form
ds2 =−dt2+ (t
4+ y2)dx2− 2xydxdy+(t4+ x2)dy2+ t4dz2
t2 (t4+ x2+ y2)
+ ds2
T6
,
B2 =
(xdx+ ydy)∧dz
t4+ x2+ y2
, Φ =
1
2
log
[
1
t2 (t4+ x2+ y2)
]
,
(5.56)
where ds2
T6
is the flat metric of the 6-torus. In terms of the dual parametrization, this
background takes a Friedmann–Robertson–Walker-type form,
ds2dual =−dt2+ t−2
(
dx2+ dy2+ dz2
)
+ ds2
T6
,
β = (x∂x+ y∂y)∧∂z , φ˜ =− logt3 .
(5.57)
Note that this background cannot be represented by a coset or a Lie group itself. This is
because the background (5.56) contains a curvature singularity and is not homogeneous.
Hence the background (5.56) cannot be realized as a YB deformation and is not included
in the discussion of [19, 20, 112].
The associated Q-flux is constant,
Qy
xy = Qz
xz =−1 . (5.58)
If the x-direction is compactified as x ∼ x+ 1, the background fields are twisted by an
O(10,10;Z) transformation:
HMN(x+ 1) =
[
ΩTH (x)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
x δ
n]
z
0 δ nm
)
, d(x+ 1) = d(x) . (5.59)
Thus the background can be interpreted as a T -fold. If the z-direction is also compactified as
z∼ z+ 1, another twist is realized as
HMN(y+ 1) =
[
ΩTH (y)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
y δ
n]
z
0 δ nm
)
, d(y+ 1) = d(y) . (5.60)
As stated in [111], this background is not a solution of the usual supergravity. However, using
again the divergence formula Im = D˜nβmn and introducing the vector field
I =−2∂z , (5.61)
we can see that the background (5.56) together with the vector field I satisfies the GSE. Thus,
also this background can be regarded as a T -fold solution of DFT.
5.4. YB-deformed AdS5× S5 backgrounds
In this section, we will show that various YB deformations of the AdS5×S5 background are
T -folds. We consider here examples associated to the following five classical r-matrices:
(i) r = 12η
[
η1 (D+M+−)∧P++η2M+2∧P3
]
,
(ii) r = 12 P0∧D ,
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(iii) r = 12
[
P0∧D+Pi∧ (M0i+M1i)
]
,
(iv) r = 12η P−∧ (η1D−η2M+−) ,
(v) r = 12 M−µ ∧Pµ .
All the above r-matrices except the first are non-unimodular. Note here that the S5 part
remains undeformed and only the AdS5 part is deformed. As shown in Appendix A in [23]
the second and third examples are reduced to the two examples discussed in the previous
subsection taking a (modified) Penrose limit.
5.4.1. Non-Abelian unimodular r-matrix. Let us consider the non-Abelian unimodular r-
matrix (see R5 in Tab. 1 of [25]),
r =
1
2η
[
η1 (D+M+−)∧P++η2M+2∧P3
]
. (5.62)
In light-cone coordinates∗,
x± ≡ x
0± x1√
2
. (5.63)
the corresponding YB-deformed background is given by
ds2 =
−2z2 dx+dx−+ 4η21 z−1 x− dzdx−
z4− (2η1 x−)2 +
z2 [(dx2)2+(dx3)2]
z4+(η2 x−)2
+
dz2
z2
− (η
2
1 +η
2
2 )(zx
2)2− 2η1η2 z2 x2 x3+η21 [z4+(zx3)2+(η2 x−)2]
[z4− (2η1 x−)2] [z4+(η2 x−)2] (dx
−)2
+
2{[x2(2η21 +η22 )−η1η2 x3]z2 x− dx2+η1 (2η1 x3−η2 x2)dx3}dx−
[z4− (2η1 x−)2] [z4+(η2 x−)2] + ds
2
S5
,
B2 =−
[
η1 {x2 [z4+ 2(η2 x−)2]− 2η1η2 (x−)2 x3}dx2
[z4− (2η1 x−)2] [z4+(η2 x−)2]
+
{η1 z4 x3−η2 x2 [z4− 2(η1 x−)2]}dx3
[z4− (2η1 x−)2] [z4+(η2 x−)2] +
η1 (zdz− 2x−dx+)
z4− (2η1 x−)2
]
∧dx−
+
η2 x
− dx2∧dx3
z4+(η2 x−)2
,
Φ =
1
2
log
[
z8
[z4− (2η1 x−)2] [z4+(η2 x−)2]
]
,
Fˆ1 =
4η1 η2 x− (2x− dz− zdx−)
z5
,
Fˆ3 =−B2∧F1+ 4η1
z5
(
2x− dz− zdx−)∧dx2∧dx3
+
4
z5
dz∧dx−∧ [η1 (x3 dx2− x2dx3)+η2 (x− dx+− x2dx2)] ,
Fˆ5 = 4
[
z8
[z4− (2η1 x−)2] [z4+(η2 x−)2] ωAdS5 +ωS5
]
,
Fˆ7 =−B2∧F5 , Fˆ9 =−12 B2∧F7 .
(5.64)
∗ In the following, we use the light-cone convention εz+−23rξ φ1φ2φ3 =+
√
|g| .
Yang-Baxter deformations and generalized supergravity 50
The expressions are greatly simplified in terms of dual fields:
ds2dual =
−2dx+dx−+(dx2)2+(dx3)2+ dz2
z2
+ ds2
S5
, φ˜ = 0 ,
β = η1
(
2x− ∂−+ x2∂2+ x3∂3+ z∂z
)∧∂++η2 (x2 ∂++ x−∂2)∧∂3 . (5.65)
The R-R field strengths are given by
Fˆ = e−B2∧F , F = e−β∨ Fˇ , Fˇ = 4
(
ωAdS5 +ωS5
)
. (5.66)
We see that the β -untwisted R-R fields Fˇ are invariant under the YB deformation.
The non-vanishingQ-flux components are
Qz
z+ = η1 , Q−−+ = 2η1 , Q22+ = η1 , Q33+ = η1 , Q2+3 = η2 , Q−23 = η2 .
(5.67)
This means that we can understand this background as a T-fold if we compactify for example
the x3 direction with period x3 ∼ x3+η−11 . The corresponding monodromy is
HMN(x
3+η−11 ) =
[
ΩTH (x)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
3 δ
n]
+
0 δ nm
)
∈ O(10,10;Z) . (5.68)
The R-R fields F are also twisted by the same monodromy,
F(x3+η−11 ) = e
−ω∨F(x3) , ωmn = 2δ [m3 δ
n]
+ . (5.69)
5.4.2. r = 12 P0∧D. Let us next consider the classical r-matrix [18, 86]
r =
1
2
P0∧D . (5.70)
Since [P0,D] 6= 0 , this classical r-matrix does not satisfy the unimodularity condition. By
introducing polar coordinates
x1 = ρ sinθ cosφ , x2 = ρ sinθ sinφ , x3 = ρ cosθ , (5.71)
the deformed background can be rewritten as [18]∗
ds2 =
z2
[−(dx0)2+ dρ2+ dz2]−η2 (dρ−ρ z−1 dz)2
z4−η2 (z2+ρ2) +
ρ2 (dθ 2+ sin2 θ dφ2)
z2
+ ds2
S5
,
B2 =−η dx
0∧ (ρ dρ + zdz)
z4−η2 (z2+ρ2) , Φ =
1
2
log
[
z4
z4−η2 (z2+ρ2)
]
, I =−η ∂0 ,
Fˆ1 = 0 , Fˆ3 =
4η ρ2 sinθ
z5
(zdρ−ρ dz)∧dθ ∧dφ ,
Fˆ5 = 4
[
z4
z4−η2 (z2+ρ2) ωAdS5 +ωS5
]
,
Fˆ7 =
4η dx0∧ (ρ dρ + zdz)
z4−η2 (z2+ρ2) ∧ωS5 , Fˆ9 = 0 .
(5.72)
∗ Only the metric and NS-NS two-form were computed in [86].
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This background is not a solution of the usual type IIB supergravity, but of the GSE [12]. By
setting η = 0, this background reduces to the original AdS5×S5.
In the dual parametrization, the dual metric, the β -field and the dual dilaton are given by
ds2dual =
dz2− (dx0)2+(dx1)2+(dx2)2+(dx3)2
z2
+ ds2
S5
, φ˜ = 0 ,
β = η Pˆ0∧ Dˆ= η ∂0∧ (x1 ∂1+ x2∂2+ x3∂3+ z∂z)
= η ∂0∧ (ρ ∂ρ + z∂z) .
The Killing vector Im satisfies the divergence formula,
I0 =−η = Dmβ 0m . (5.73)
The Q-flux has the following non-vanishing components:
Qz
0z = Q1
01 = Q2
02 = Q3
03 = η . (5.74)
Thus, when at least one of the (x1,x2,x3) directions is compactified, the background can be
interpreted as a T -fold. When for example the x1 direction is compactified, the monodromy
is given by
HMN(x
1+η−1) =
[
ΩTH (x1)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
0 δ
n]
1
0 δ nm
)
. (5.75)
From (5.72), the R-R potentials are found to be
Cˆ0 = 0 , Cˆ2 =
η ρ3 sinθ
z4
dθ ∧dφ ,
Cˆ4 =
ρ2 sinθ
z4
dx0∧dρ ∧dθ ∧dφ +ω4−B2∧Cˆ2 ,
Cˆ6 =−B2∧ω4 , Cˆ8 = 0 ,
(5.76)
where the 4-form ω4 satisfies ωS5 = dω4 . Via the B-twist, we obtain
F1 = 0 , F3 =
4η ρ2 sinθ
z5
(ρ dz− zdρ)∧dθ ∧dφ ,
F5 = 4
(
ωAdS5 +ωS5
)
, F7 = 0 , F9 = 0 ,
A0 = 0 , A2 =
η ρ3 sinθ
z4
dθ ∧dφ ,
A4 =
ρ2 sinθ
z4
dx0∧dρ ∧dθ ∧dφ +ω4 , A6 = 0 , A8 = 0 .
(5.77)
We can further compute the β -untwisted fields,
Fˇ1 = 0 , Fˇ3 = 0 , Fˇ5 = 4
(
ωAdS5 +ωS5
)
, Fˇ7 = 0 , Fˇ9 = 0 ,
Cˇ0 = 0 , Cˇ2 = 0 , Cˇ4 =
ρ2 sinθ
z4
dx0∧dρ ∧dθ ∧dφ +ω4 , Cˇ6 = 0 , Cˇ8 = 0 .
(5.78)
As expected, the β -untwisted R-R fields are precisely the R-R fields of the undeformed
background, and they are single-valued. In terms of the twisted R-R fields (F, A), the R-R
fields have the same monodromy as (5.75),
A(x1+η−1) = e−ω∨A(x1) , F(x1+η−1) = e−ω∨F(x1) , ωmn = 2δ [m0 δ
n]
1 . (5.79)
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5.4.3. A scaling limit of the Drinfeld–Jimbo r-matrix. Let us now consider the classical
r-matrix [18, 113]
r =
1
2
[
P0∧D+Pi∧ (M0i+M1i)
]
, (5.80)
which can be obtained as a scaling limit of the classical r-matrix of Drinfeld–Jimbo
type [42, 43]. Using polar coordinates (ρ ,θ ),
(dx2)2+(dx3)2 = dρ2+ρ2dθ 2 , (5.81)
the YB-deformed background, which satisfies the GSE, is given by [18, 113]
ds2 =
−(dx0)2+ dz2
z2−η2 +
z2
[
(dx1)2+ dρ2
]
z4+η2 ρ2
+
ρ2dθ 2
z2
+ ds2
S5
,
B2 = η
[ −dx0∧dz
z(z2−η2) −
ρ dx1∧dρ
z4+η2ρ2
]
,
Φ =
1
2
log
[
z6
(z2−η2)(z4+η2ρ2)
]
, I =−η (4∂0+ 2∂1) ,
Fˆ1 =−4η
2ρ2
z4
dθ ,
Fˆ3 = 4η ρ
( −ρ dx0∧dz
z(z4−η2 z2) +
dx1∧dρ
z4+η2ρ2
)
∧dθ ,
Fˆ5 = 4
[
z6
(z2−η2)(z4+η2ρ2) ωAdS5 +ωS5
]
,
Fˆ7 = 4η
(
dx0∧dz
z(z2−η2) +
ρ dx1∧dρ
z4+η2ρ2
)
∧ωS5 ,
Fˆ9 =
4η2 ρ
z(z2−η2)(z4+η2ρ2) dx
0∧dx1∧dρ ∧dz∧ωS5 .
(5.82)
The R-R potentials are given by
Cˆ0 = 0 , Cˆ2 =−η ρ
2
z4
dx0∧dθ , Cˆ4 = ρ
z4+η2ρ2
dx0∧dx1∧dρ ∧dθ +ω4 ,
Cˆ6 =−B2∧ω4 , Cˆ8 = η
2 ρ
z(z2−η2)(z4+η2ρ2) dx
0∧dx1∧dρ ∧dz∧ω4 .
(5.83)
The corresponding dual fields in the NS-NS sector are given by
ds2dual =
−(dx0)2+(dx1)2+ dρ2+ρ2dθ 2+ dz2
z2
+ ds2
S5
, φ˜ = 0 ,
β = η
[
Pˆ0∧ Dˆ+ Pˆi∧ (M0i+M1i)
]
= η (−x2 ∂1∧∂2− x3∂1∧∂3+ z∂0∧∂z)
= η (−ρ ∂1∧∂ρ + z∂0∧∂z) ,
and the Killing vector Im again satisfies the divergence formula,
I0 =−4η = Dmβ 0m , I1 =−2η = Dmβ 1m . (5.84)
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Providing the B-twist to the R-R field strengths, we obtain
F1 =−4η
2ρ2
z4
dθ , F3 =
4η ρ
z5
(
ρ dz∧dx0+ zdx1∧dρ)∧dθ ,
F5 = 4
(
ωAdS5 +ωS5
)
, F7 = 0 , F9 = 0 ,
A0 = 0 , A2 =−η ρ
2
z4
dx0∧dθ ,
A4 =
ρ
z4
dx0∧dx1∧dρ ∧dθ +ω4 , A6 = 0 , A8 = 0 .
(5.85)
Furthermore, the β -untwist leads to the following expressions:
Fˇ1 = 0 , Fˇ3 = 0 , Fˇ5 = 4
(
ωAdS5 +ωS5
)
, Fˇ7 = 0 , Fˇ9 = 0 ,
Cˇ0 = 0 , Cˇ2 = 0 , Cˇ4 =
ρ
z4
dx0∧dx1∧dρ ∧dθ +ω4 , Cˇ6 = 0 , Cˇ8 = 0 .
(5.86)
These are the same as the undeformed R-R potentials.
The non-zero components of Q-flux are given by
Qz
0z = η , Q2
12 =−η , Q313 =−η . (5.87)
When the x2-direction is compactified as x2 ∼ x2 +η−1, this background becomes a T -fold
with monodromy
HMN(x
2+η−1) =
[
ΩTH (x2)Ω
]
MN
, ΩMN ≡
(
δmn −2δ [m1 δ n]2
0 δ nm
)
,
F(x2+η−1) = e−ω∨F(x2) , ωmn =−2δ [m1 δ n]2 .
(5.88)
5.4.4. r = 12η P−∧ (η1D−η2M+−). Let us next consider the non-unimodular r-matrix∗,
r =
1
2η
P−∧ (η1D−η2M+−) . (5.89)
Here we have introduced the light-cone coordinates and polar coordinates
x± ≡ x
0± x1√
2
, (dx2)2+(dx3)2 =dρ2+ρ2dθ 2 . (5.90)
∗ This r-matrix includes the known examples studied in Section 4.3 (η1 = −η2 = −η) and 4.4 (η1 = −η , η2 = 0)
of [18] as special cases.
Yang-Baxter deformations and generalized supergravity 54
The YB-deformed background is given by
ds2 =
−2z2 dx+dx−
z4− (η1+η2)2 (x+)2 +
dρ2+ρ2dθ 2+ dz2
z2
+η1dx
+ 2x
+ (η1+η2)(zdz+ρ dρ)−η1 (z2+ρ2)dx+
z2 [z4− (η1+η2)2 (x+)2] + ds
2
S5
,
B2 =−
[
η1 (dx+∧ (ρ dρ + zdz)− x+dx+∧dx−)−η2 x+ dx+∧dx−
]
z4− (η1+η2)2 (x+)2 ,
Φ =
1
2
log
[
z4
z4− (η1+η2)2 (x+)2
]
, I =−(η1−η2)∂− ,
Fˆ1 = 0 ,
Fˆ3 =−
4ρ
[
η1 (dx+∧ (zdρ−ρ dz)− x+dz∧dρ)−η2x+ dz∧dρ
]∧dθ
z5
,
Fˆ5 = 4
[
z4
z4− (η1+η2)2 (x+)2 ωAdS5 +ωS5
]
,
Fˆ7 =
4
[
η1 (dx+∧ (ρ dρ + zdz)− x+dx+∧dx−)−η2 x+ dx+∧dx−
]∧ωS5
z4− (η1+η2)2 (x+)2 ,
Fˆ9 = 0 .
(5.91)
The R-R potentials are given by
Cˆ0 = 0 , Cˆ2 =
ρ [η1 ρ dx+− (η1+η2)x+ dρ ]∧dθ
z4
,
Cˆ4 =
ρ dx+∧ [z3 dx−−η1 (η1+η2)x+ dz]∧dρ ∧dθ
z3 [z4− (η1+η2)2 (x+)2] +ω4 ,
Cˆ6 =−B2∧ω4 , Cˆ8 = 0 .
(5.92)
The dual fields take the form
ds2dual =
−2dx+dx−+ dρ2+ρ2dθ 2+ dz2
z2
+ ds2
S5
, φ˜ = 0 ,
β = Pˆ−∧ (η1 Dˆ+η2 Mˆ+−) = η1 ∂−∧ (x+ ∂++ρ ∂ρ + z∂z)+η2 x+ ∂−∧∂+
= η1 ∂−∧ (x+ ∂++ x2 ∂2+ x3∂3+ z∂z)+η2 x+ ∂−∧∂+ ,
(5.93)
and the Q-flux has the following non-vanishing components:
Qz
−z = Q+−+ = Q2−2 = Q3−3 = η1 , Q+−+ = η2 . (5.94)
In a similar manner as in the previous examples, by compactifying one of the x1, x2, and x3
directions with a certain period, this background can also be regarded as a T -fold. If we make
for example the identification x3 ∼ x3+η−11 , the associated monodromy becomes
HMN(x
3+η−11 ) =
[
ΩTH (x3)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
− δ
n]
3
0 δ nm
)
,
F(x3+η−11 ) = e
−ω∨F(x3) , ωmn = 2δ [m− δ
n]
3 .
(5.95)
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A solution of the generalized type IIA supergravity equations. In the background (5.82), by
performing a T -duality along the x1-direction (see [56] for the duality transformation rule),
we obtain the following solution of the generalized type IIA EOM:
ds2 =
−(dx0)2+ dz2
z2−η2 + z
2 (dx1)2+
(dρ +η ρ dx1)2+ρ2dθ 2
z2
+ dsS5 ,
B2 =− η dx
0∧dz
z(z2−η2) , Φ =−2η x
1− 1
2
log
(z2−η2
z4
)
, I =−4η ∂0 ,
Fˆ2 =
4η e2η x
1
ρ (dρ +η ρ dx1)∧dθ
z4
,
Fˆ4 =
4e2η x
1
ρ dx0∧ (dρ +η ρ dx1)∧dθ ∧dz
z3 (z2−η2) ,
Fˆ6 =−4e2η x1 dx1∧ωS5 , Fˆ8 =
4η e2η x
1
dx0∧dx1∧dz∧ωS5
z(z2−η2) .
(5.96)
Here the R-R potentials are given by
Cˆ1 = 0 , Cˆ3 = e
2η x1 ρ dx
0∧ (dρ +η ρ dx1)∧dθ
z4
,
Cˆ5 = e
2η x1 dx1∧ω4 , Cˆ7 =−e2η x1 η dz∧dx
0∧dx1∧ω4
z(z2−η2) .
(5.97)
This background cannot be regarded as a T -fold, but it is the first example of a solution for
the generalized type IIA supergravity equations.
5.4.5. r = 12 M−µ ∧Pµ . Our final example is associated to the r-matrix [18]
r =
1
2
M−µ ∧Pµ . (5.98)
This r-matrix is called light-like κ-Poincaré. Again, by introducing the coordinates
x± ≡ x
0± x1√
2
, (dx2)2+(dx3)2 = dρ2+ρ2dθ 2 , (5.99)
the YB-deformed background is given by (see Section 4.5 of [18])∗
ds2 =
z2(−2dx+dx−+ dz2)
z4− (η x+)2 −η
2 ρ
2(dx+)2− 2x+ρ dx+ dρ +(x+)2 dz2
z2(z4− (η x+)2)
+
dρ2+ρ2dθ 2
z2
+ ds2
S5
,
B2 =
η dx+∧ (x+ dx−−ρ dρ)
z4− (η x+)2 , Φ =
1
2
log
[
z4
z4− (η x+)2
]
, I− = 3η ,
Fˆ1 = 0 , Fˆ3 =−4η ρ
z5
(
ρ dx+− x+dρ)∧dθ ∧dz ,
Fˆ5 = 4
[
z4
z4− (η x+)2 ωAdS5 +ωS5
]
,
Fˆ7 =− 4η
z4− (η x+)2 dx
+∧ (x+ dx−−ρ dρ)∧ωS5 , Fˆ9 = 0 .
(5.100)
∗ The metric and NS-NS two form were computed in [86].
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The R-R potentials are found to be
Cˆ0 = 0 , Cˆ2 =
η ρ
z4
(
ρ dx+− x+dρ)∧dθ ,
Cˆ4 =
ρ
z4− (η x+)2 dx
+∧dx−∧dρ ∧dθ +ω4 , Cˆ6 =−B2∧ω4 , Cˆ8 = 0 .
(5.101)
The corresponding dual fields are given by
ds2dual =
−2dx+dx−+ dρ2+ρ2dθ 2+ dz2
z2
+ ds2
S5
, φ˜ = 0 ,
β = η Mˆ−µ ∧ Pˆµ = η ∂−∧ (x+ ∂++ρ ∂ρ)
= η ∂−∧ (x+ ∂++ x2∂2+ x3 ∂3) ,
and it is easy to check that the divergence formula is satisfied,
I− = 3η = Dmβ−m . (5.102)
We can calculate the other types of R-R fields:
F1 = 0 , F3 =−4η ρ
z5
(ρ dx+− x+dρ)∧dθ ∧dz ,
F5 = 4
(
ωAdS5 +ωS5
)
, F7 = 0 , F9 = 0 ,
A0 = 0 , A2 =
η ρ
z4
(
ρ dx+− x+dρ)∧dθ ,
A4 =
ρ
z4
dx+∧dx−∧dρ ∧dθ +ω4 , A6 = 0 , A8 = 0 ,
(5.103)
and
Fˇ1 = 0 , Fˇ3 = 0 , Fˇ5 = 4
(
ωAdS5 +ωS5
)
, Fˇ7 = 0 , Fˇ9 = 0 ,
Cˇ0 = 0 , Cˇ2 = 0 , Cˇ4 =
ρ
z4
dx+∧dx−∧dρ ∧dθ +ω4 , Cˇ6 = 0 , Cˇ8 = 0 .
(5.104)
The β -twisted fields are again invariant under the YB deformation.
The non-geometricQ-flux has the non-vanishing components
Q+
−+ = Q2−2 = Q3−3 = η , (5.105)
and again by compactifying one of the x1, x2, and x3 directions, this background becomes
a T -fold. If we compactify the x3-direction as x3 ∼ x3 + η−1, the associated monodromy
becomes
HMN(x
3+η−1) =
[
ΩTH (x3)Ω
]
MN
, ΩMN ≡
(
δmn 2δ
[m
− δ
n]
3
0 δ nm
)
,
F(x3+η−1) = e−ω∨F(x3) , ωmn = 2δ [m− δ
n]
3 .
(5.106)
6. Killing spinors of the YB deformation
We have discussed in the previous sections how to associate an integrable system to AdS5×S5
and how the deformations of the integrable system translate into deformations of the ten-
dimensional background. The starting system is remarkable for another reason, though: it has
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N = 4 supersymmetry (in four dimensions). It is natural to wonder how this supersymmetric
structure is affected by the integrable deformations discussed so far. One first, crucial,
observation is that, just like in the case of isometries, if Ti is a generator of the superalgebra
g, it is preserved by the R-matrix of Eq. (3.8) if R is equivariant with respect to the (adjoint)
action of Ti on g, i.e.
[Ti,R(X)] = R([Ti,X ]) ,∀x ∈ g . (6.1)
In the spirit of a geometrical interpretation, we want to describe the preserved
supersymmetries in terms of Killing spinors of the deformed backgrounds. Solving the
Killing spinor equation is however in general a difficult task. It is therefore much more
convenient to have a frame-independent formalism allowing us to write an explicit formula
for the spinors preserved by a given deformation. In this section we will show how to write
such a formula depending only on the non-commutativity parameter Θ [37, 38]. This is the
same object defined via the Seiberg–Witten (SW) map in (3.102) [70, 74] and it coincides, up
to a conventional sign, with the β field in DFT. In our context it encodes all the information
about the integrable deformation.
Such an explicit formalism is useful in a number of contexts. The bilinear formalism
of Killing spinors is for example useful for the classification of supergravity solutions.
It is necessary to solve the Killing spinor equations for supersymmetric localization
calculations [114]. One needs to solve the Killing spinor equations in the construction of
supersymmetric gauge theories realized on the D-branes embedded in deformed supergravity
backgrounds (see e.g. [115–117]).
Let us take the example of the Ω-deformation of flat spacetime constructed in [103] .
From the perspective of integrable deformations, it corresponds to a TsT transformations,
where one of theU(1) isometries acts freely. Placing a probe brane in different configurations,
one can construct either a non-Lorentz-invariant gauge theory a or massive gauge theory that
can be studied from the viewpoint of string theory. Having found these Ω-deformed gauge
theories as probe branes in a TsT-deformed spacetime, one may wonder if the near-horizon
limit can be understood in terms of a similar deformation of the AdS5× S5 background.∗
6.1. Killing spinors and T-dualities
We have seen that YB deformations are closely related to T-duality. As a first step we will see
how T-duality transforms the Killing spinors.
Given an isometry generated by a Killing vector Tˆi, a T-duality in this direction preserves
only the Killing spinors that are covariantly constant with respect to the Kosmann–Lie (KL)
derivative [119–121]
LTˆi
ε ≡ Tˆmi ∇mε +
1
4
(∇Tˆi)mnΓ
mnε. (6.2)
This result can be extended to generalized T-duality using the same argument of [122]
for non-Abelian T-duality. There always exists a frame where the isometry Tˆi is represented
as ∂ z. Then the metric is parametrized by
ds2 = gµν(x)dx
µdxν + e2C(x) (dz+A1(x))
2 , (6.3)
where A1 is a one-form. In this metric, the KL derivative along ∂z is
L∂zε = ∂zε. (6.4)
∗ See for example [118] for related work, the Killing spinor analysis is also included.
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Consider the generalized type IIA background:
ds2IIA = gµνdx
µdxν + e2C(x)(dz+A1(x))
2 ,
B2 = B+B1∧dz ,
f0 = m ,
f2 = g2+g1∧ (dz+A1(x)) ,
f4 = g4+g3∧ (dz+A1(x)) ,
Φ =−az+ϕ + 1
2
C ,
I = aˆ∂z,
(6.5)
where aˆ is a constant, and all the background fields A1, B1, B, gk, ϕ , C are functions of xµ
only.
The dilaton has a linear dependence in z and we cannot use the standard Buscher rule
along ∂z, but we can still perform a generalized T-duality leading to the following generalized
type IIB background∗:
ds2IIB = gµνdx
µdxν + e−2C(x)(dz+B1(x))2 ,
B˜2 = B+B1∧dz ,
f1 = m(dz+B1(x))−g1 ,
f3 = g2∧ (dz+B1(x))−g3 ,
f5 = (1+ ⋆10)(g4∧ (dz+B1(x))) ,
Φ˜ =−aˆz+ϕ− 1
2
C ,
I˜ = a∂z.
(6.6)
The background fluxes fk are usually rewritten in terms of generalized fluxes as
Fˆk =
{
e+C(x)/2 fk type IIA ,
e−C(x)/2 fk type IIB .
(6.7)
Now we need to compare the supersymmetry variations in the two backgrounds above. The
supersymmetry variations of dilatini and gravitini for type IIA generalized supergravity are
written as [13]
δλIIA =
1
2
∂mΦΓ
mε +
1
2
(ImBmn+ Inσ3)Γ
nε − 1
8
H3σ3ε +
1
8
[
5Fˆ0σ1+ 3Fˆ2(iσ2)+ Fˆ4σ1
]
ε ,
δΨIIA = ∇mε − 18H3mnpΓ
npσ3ε +
1
8
[
Fˆ0σ1+ Fˆ2(iσ2)+ Fˆ4σ1
]
Γmε ,
(6.8)
whereas for type IIB generalized supergravity
δλIIB =
1
2
∂mΦ˜Γ
mε˜ +
1
2
(I˜mB˜mn+ I˜nσ3)Γ
nε˜− 1
8
H˜3σ3ε˜ +
1
8
[
F1(iσ2)+
1
2
Fˆ3σ1
]
ε˜ ,
δΨIIB = ∇mε˜ − 18 H˜3mnpΓ
npσ3ε˜ − 18
[
Fˆ1(iσ2)+ Fˆ3(iσ2)+
1
2
Fˆ5σ1
]
Γmε˜ ,
(6.9)
∗ We will collectively denote the isometric coordinate and its T-dual by z.
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where the background fluxes without explicit indices are contracted with curved Gamma
matrices and divided by the symmetry factors as in (2.42). We write the Killing spinors
as the doublet
ε =
(
ε+
ε−
)
. (6.10)
Inserting the background data (6.5) and (6.6) into the variations leads to the relations∗
δΨIIBµ+ =−ΓzδΨIIAµ+, δΨIIBµ− = δΨIIAµ−, (6.11)
provided that
∂zε± = 0 (6.12)
and that
ε˜+ =−Γzε+, ε˜− = ε−, (6.13)
where Γz and Γz are flat Gamma matrices in the initial background.
The conclusion is that a type IIA Killing spinor is mapped to a Killing spinor ε˜ in type
IIB if and only if the Killing spinor vanishes under the KL derivative along the isometry
direction z. In the case of a TsT transformation the Killing spinor has to be independent of
both isometry directions in order to be preserved (and mapped to the final background).
6.2. Exponential factor from TsT transformation
We start with a concrete example of a TsT transformation. The simplest non-trivial
configuration is obtained as a deformation on the ten-dimensional flat spacetime of Lunin–
Maldacena type. The associated classical r-matrix is similar to the one in Eq.(4.9). First we
show how to construct the projector matrix using the Kosmann Lie derivative. For flat space
in polar coordinates,
ds2 =−(dx0)2+(dx1)2+
3
∑
i=1
(
dρ2i +ρ
2
i dφ
2
i
)
+(dx8)2+(dx9)2 . (6.14)
The Killing spinor equation is
∇mε = 0 , (6.15)
which admits the solution
ε =
3
∏
i=1
exp
[
φi
2
Γρiφi
]
(η0+ iχ0) , (6.16)
where η0,χ0 are constant Majorana–Weyl spinors and all the Gamma matrices are flat. To
perform the deformation as in [47], we introduce the following adapted angles:
φ1 = ψ−ϕ1 , φ2 = ψ +ϕ1+ϕ2 , and φ3 = ψ −ϕ2 . (6.17)
We now consider the TsT transformation in the angles (ϕ1,ϕ2). First, note that the Killing
spinor is rewritten as
ε = e
ψ
2 (Γρ1φ1+Γρ2φ2+Γρ3φ3 )e
ϕ1
2 (Γρ2φ2−Γρ1φ1 )e
ϕ1
2 (Γρ2φ2−Γρ3φ3 )η0 . (6.18)
∗ The +/− sign corresponds to 2/1 in the conventions used so far.
Yang-Baxter deformations and generalized supergravity 60
When performing a T-duality along ∂ϕ1 , in order to preserve supersymmetry we demand that
the KL derivative along ∂ϕ1 vanishes:
L∂ϕ1
ε = ∂ϕ1ε = 0 . (6.19)
This is equivalent to acting with the following projection on the constant spinors η0,χ0:
Πϕ1 =
1
2
(1−Γρ1φ1ρ2φ2) , (6.20)
which removes the ϕ1-dependence from the Killing spinor. Now, we shift the angle ϕ2 by
+ηϕ˜1, where η denotes the deformation parameter and ϕ˜1 is the T-dual of ϕ1, and we T-
dualize on ϕ˜1. Once more we demand the KL derivative in the direction ∂ ϕ˜1 to vanish. This
is equivalent to asking for the derivative in the direction ∂ ϕ2 to vanish and in turn this is the
same as inserting the projector
Πϕ2 =
1
2
(1−Γρ2φ2ρ3φ3) . (6.21)
As remarked earlier, the KL derivative along ∂ϕ˜1 acts equivalently to that along ∂ϕ2 . In total,
the two projectors (6.20), (6.21) preserve one quarter of the supersymmetry.
Now we can determine the explicit form of the Killing spinors in the deformed
background. The TsT transformation of interest leads to
ds2 =−(dx0)2+(dx1)2+
3
∑
i=1
(
dρ2i
)
+(dx8)2+(dx9)2
+
1
∆2
[
ρ21 (dψ− dϕ1)2+ρ22 (dψ + dϕ1+ dϕ2)2+ρ23(dψ− dϕ2)2+ 9λ 2ρ21ρ22ρ23dψ2
]
,
eΦ = ∆2 ,
B2 =
∆2− 1
η∆2
dϕ1∧dϕ2− ∆
2− 1
η∆2
(dϕ1− dϕ2)∧dψ + 3η
∆2
(ρ21ρ2dϕ1−ρ22ρ23dϕ2)∧dψ ,
∆2 = 1+η2(ρ21ρ
2
2 +ρ
2
2ρ
2
3 +ρ
2
3ρ
2
1 ) ,
(6.22)
and using the general formula in Eq. (6.28) we obtain the following Killing spinors:
ε˜+ =
1+η
(
ρ1ρ2Γφ1φ2 +ρ2ρ3Γφ2φ3 +ρ3ρ1Γφ3φ1
)
1+η2(ρ21ρ
2
2 +ρ
2
2ρ
2
3 +ρ
2
3ρ
2
1 )
ε+ , ε˜− = ε− , (6.23)
where
ε++ iε− = e
ψ
2 (Γρ1φ1+Γρ2φ2+Γρ3φ3 )Πϕ1Πϕ2(η++ iη−) . (6.24)
In order to generalize this result to any YB-deformed background it is convenient to
recast it in a form that depends explicitly on the parameters of the deformation encoded by
the bivector Θ. Applying the Seiberg–Witten map (3.102) to the background we find
Θ = η(∂φ1 ∧∂φ2 + ∂φ2 ∧∂φ3 + ∂φ3 ∧∂φ1) . (6.25)
The deformed Killing spinor ε˜+ in (6.23) can be rewritten using this bi-vector as
ε˜+ =
1+ 12Θ
mnΓmn√
1+ 12Θ
mnΘmn
ε+ = e
1
2ω(Θ)Θ
mnΓmnε+ , (6.26)
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where the Gamma matrices are curved in terms of the undeformed metric while the
normalization factor ω(Θ) satisfies
tan
(
ω(Θ)
√
1
2
ΘmnΘmn
)
=
√
1
2
ΘmnΘmn . (6.27)
This expression is reminiscent of a quantum R-matrix in the spinor representation. This
connection has not yet been explored in the literature. In [37] other concrete examples of
TsT deformations of flat space and AdS5×S5 background were studied and it was found that
the form of the preserved Killing spinors in Eq. (6.26) is generic.
To sum up, we conjecture the following structure of YB deformed Killing spinors
expressed by the bi-vector Θ only:
ε˜+ = e
1
2ω(Θ)Θ
mnΓmnΠTsTε+ , ε˜− = ΠTsTε− , (6.28)
where ε± are undeformed Killing spinors, and ΠTsT is the projector derived from the KL
derivatives. What remains to be done in order to find a complete formula that only depends
on Θ alone is to relate the projector ΠTsT to the bi-vector.
6.3. Supersymmetry projector formula
We have seen that the projector matrix is needed for preserving the Killing spinors under
TsT transformations. In this section, we show how to find such a projector for non-TsT YB
deformations, using only the bi-vector Θ.
Let us assume that the initial undeformed background preserves some supersymmetry.
This means that
δΨµ = ∇µε +
1
8
S Γµ ε = 0 , (6.29)
where S is the analog of the Ramond–Ramond flux bispinor in the initial background,
S =−Fˆ1⊗ (iσ2)− Fˆ3⊗σ1− 12Fˆ5⊗ (iσ2) . (6.30)
As discussed before, for TsT transformations, the preserved Killing spinors have to be
independent of both isometry directions. So we ask the KL derivatives of the Killing spinor to
vanish along all the directions Ti that are included in the classical r-matrix:
LTˆi
ε = Tˆmi ∇mε +
1
4
(∇Tˆi)mnΓ
mnε = 0 . (6.31)
Multiplying (6.29) by Tˆmi , we get
Tˆmi δΨm = Tˆ
m
i ∇mε +
1
8
Tˆmi S Γmε = 0 . (6.32)
Combining Eq. (6.31) and Eq. (6.32) , we obtain[
1
8
Tˆmi S Γm−
1
4
(∇Tˆi)mnΓ
mn
]
ε = 0 (6.33)
and multiplying by ri jTˆ lj Γl , one finds[
1
8
ri jTˆ nj ΓnTˆ
m
i S Γm−
1
4
ri jTˆ lj (∇Tˆi)mnΓlΓ
mn
]
ε = 0 . (6.34)
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In this step, there is one caveat. If Tˆj is a light-like Killing vector, the matrix ri jTˆ
ρ
j Γρ might
not be invertible. In this case, Eq. (6.34) gives a necessary but not sufficient condition for the
preservation of supersymmetry.
The above equation (6.34) can be further rewritten with respect to the bi-vector of the
bi-Killing form
Θmn = ri jTˆmi Tˆ
n
j (6.35)
and its covariant derivative
∇mΘ
nl = 2ri j(∇mTˆ
[n
i )Tˆ
l]
j (6.36)
in the form [
ΘmnΓmS Γn+∇mΘ
nlΓmnl− 4∇mΘmnΓn
]
ε = 0 . (6.37)
This result implies that given any classical r-matrix (or bi-vector Θ), we can determine a
projection matrix ΠTsT to preserve the Killing spinor via[
ΘmnΓmS Γn+∇mΘ
nlΓmnl− 4∇mΘmnΓn
]
ΠTsT = 0 . (6.38)
In the case of the Lunin–Maldacena-likedeformation of flat space in the previous section,
due to the unimodularity of the classical r-matrix, only the second term in (6.37) contributes
to the left-hand side. It is evaluated as[
ρ1Γφ1(Γρ2φ2 −Γρ3φ3)−ρ2Γφ2(Γρ1φ1 −Γρ3φ3)+ρ3Γφ3(Γρ1φ1 −Γρ2φ2)
]
ε = 0 . (6.39)
From this we deduce two independent conditions,
(Γρ1φ1 −Γρ2φ2)ε = (Γρ2φ2−Γρ3φ3)ε = 0 , (6.40)
which lead to the same projectors as (6.20) and (6.21):
Π1 =
1
2
(1−Γρ1φ1ρ2φ2) , Π2 =
1
2
(1−Γρ2φ2ρ3φ3) . (6.41)
6.4. Examples
In this section we corroborate the conjecture of the validity the formula for the Killing spinor
in Eq. (6.28) and with the projector in Eq. (6.37) also for generic YB deformations not
obtained as TsT transformations by reviewing two of the examples treated in [38]. One is
supersymmetric and the other non-supersymmetric.
Since all the deformations here act on the AdS5 part, we focus only on the Killing spinors
derived from AdS5 spacetime. Given the Poincaré coordinate system for AdS5 space (2.63) ,
the Killing spinor of complex form can be readily solved:
εAdS5 =
[{√
z+
1√
z
xµΓµΓz
}
1− iγΓz
2
+
1√
z
1+ iγΓz
2
]
(η0+ iχ0) , (6.42)
where ε0,χ0 are constant Majorana–Weyl spinors. The matrix γ is defined as γ ≡ Γ56789,
being the product of the flat Γ-matrices on S5.
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6.4.1. r = 12 [P1∧P3+(P0+P1)∧ (M03+M13)]. In this case the corresponding β -field is
also divergence-free, but gives rise to a deformed background that cannot be obtained via TsT
transformation. The full background is presented in [25]. The bi-vector is approximated as
Θ =−2η∂1∧∂3+ 2η(x0− x1)(∂0+ ∂1)∧∂3+O(η2) . (6.43)
The projector formula (6.37) gives[
Γ1(1+ γΓz⊗ (iσ2))− (x0− x1)(1+ γΓ01z⊗ (iσ2))(Γ0+Γ1)
]
ε = 0 . (6.44)
It is not hard to see that non-zero solutions are constrained by two projectors
Π1 =
1
2
(1+ iγΓz) , Π2 =
1
2
(1+Γ01) , (6.45)
which implies that eight supercharges are preserved after the deformation. Using the fact that
1
2
ΘmnΘ
mn =
4η2
z4
(1− 2(x0− x1)) ,
1
2
ΘmnΓ
mn =
2η
z2
[
(x0− x1)(Γ0+Γ1)−Γ1
]
Γ3 ,
(6.46)
we can write the Killing spinors at leading order:
ε˜+ =
[
1+
2η
z2
{
(x0− x1)(Γ0+Γ1)−Γ1
}]
Γ3ε+ ,
ε˜− = ε− ,
(6.47)
with
ε++ iε− =
1√
z
Π1Π2ε0 , ε0 : const. (6.48)
We can verify this expression computing explicitly the supersymmetry variations. It is enough
to consider the first order in the deformation where the H and F3 fluxes appear.
First let us look at the gravitino variations. Since the projector Π2 acts on the (x0,x1)-
plane in Poincaré coordinates of the AdS5 space, we focus on the x0 component. At linear
order we find
∇0 = ∂0− 12zΓ0z ,
1
8
H0mnΓ
mn =−2η
z3
(x0− x1)γΓ012 ,
1
8
S Γ0 =− η
z3
Γ2z
[
(x0− x1)(1+Γ01)− 1
]⊗σ1− 12zγΓ0⊗ (iσ2) .
(6.49)
The gravitino variation becomes
δΨ0+ =
η
z3
[
2(x0− x1)γΓ012ε˜+−Γ2z
{
(x0− x1)(1+Γ01)+ 1
}
ε˜−
]
= 0 . (6.50)
The dilatino variation is more involved. The background fluxes contribute to the variation as
Hˆ3 =− 8
z2
Γ3z
[
(x0− x1)(Γ0+Γ1)−Γ1
]
=−1
2
∇mΘ
npΓmnp ,
ΓmS Γ
m =−32
z2
Γ2z
[
(x0− x1)(Γ0+Γ1)−Γ0
]⊗σ1 = 2ΘmnΓmS0Γn⊗σ3 , (6.51)
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where S0 is the bi-spinor analog evaluated on the undeformed AdS5× S5 background. In
total, we obtain
δλ =
1
8
[ΘmnΓmS Γn+∇nΘ
npΓmnp]⊗σ3ε˜ = 0 . (6.52)
Remarkably, we end up with the projector formula (6.37).
6.4.2. r = 12P1 ∧D. Finally let us comment on non-unimodular classical r-matrices which
lead to a solution for the generalized supergravity EOM. Consider the background in (4.26).
The corresponding β -field was computed in (4.24). Using the projector formula, we find[
1
z
Γ1+
2
z
Γ023⊗ (iσ2)− 2
z2
(
x1Γ0+ x
2Γ2+ x
3Γ3
)
Γ1z(1−Γ0123⊗ (iσ2))
]
ε = 0 . (6.53)
Since the whole matrix acting on the spinor has a non-vanishing determinant, only ε = 0
solves the above equation. All supersymmetries are broken in this deformed background.
6.5. Comments.
It would be interesting to derive the exponential factor (6.26) as well as the projector formula
(6.37) in an alternative supergravity framework, such as the β -supergravity [123]. The
corresponding supersymmetry variations are given in [124] in absence of Ramond–Ramond
fluxes.
We have restricted our attention to Killing spinors in type IIB supergravity. In [37], the
analysis was extended to the so-called M-theory TsT transformations using the M-theory
T-duality [125–127] on the AdS7 × S4 background. It might be interesting to look for a
the general formula for TsT deformed Killing spinors in terms of an antisymmetric tri-
vector from the viewpoint of non-commutativity in M2-brane. To this end, the notion of
the generalized Theta parameter in [128] might be useful. For the tri-vector deformation of
M-theory backgrounds, see [129].
Appendix
Appendix A. Conventions
In this appendix, we collect our conventions.
The antisymmeterization is defined as
A[m1···mn] ≡
1
n!
(
Am1···mn ± permutations
)
. (A.1)
For conventions of differential forms, we use
ε01 =
1√−γ , ε01 =−
√−γ , d2σ = dτ ∧dσ ,
(∗γ αq)α1···αp+1−q =
1
q!
εβ1···βqα1···αp+1−q αβ1···βq ,
∗γ (dσα1 ∧·· ·∧dσαq) = 1
(p+ 1− q)! ε
α1···αq
β1···βp+1−q dσ
β1 ∧·· ·∧dσβp+1−q ,
(A.2)
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on the string worldsheet. In spacetime, we define
ε1···D =− 1√−g , ε1···D =
√−g , ε1···D =−1 , ε1···D = 1 ,
(∗αq)m1···mD−q =
1
q!
εn1···nqm1···mD−q αn1···nq , d
Dx= dx1∧·· ·∧dxD ,
∗ (dxm1 ∧·· ·∧dxmq) = 1
(p+ 1− q)! ε
m1···mq
n1···np+1−q dx
n1 ∧·· ·∧dxnp+1−q ,
(ιvαn) =
1
(n− 1)! v
n αnm1···mn−1 dx
m1 ∧·· ·∧dxmn−1 .
(A.3)
The spin connection is defined as
ωm
ab ≡ 2en[a∂[men]b]− ep[a eb]q ∂[peq]c emc , (A.4)
which satisfies
dea+ωab∧ eb = 0 , (A.5)
where ea ≡ ema dxm and ωab ≡ ωmab dxm . The Riemann curvature tensor is defined as
Rab ≡
1
2
Rabcd e
c∧ ed ≡ dωab+ωac∧ωcb , Rabcd = ema ebn ec p edqRmnpq . (A.6)
Appendix B. psu(2,2|4) algebra
In this appendix, we collect our conventions and useful formulas on the psu(2,2|4) algebra
(see for example [39] for more details).
Appendix B.1. Matrix realization
8×8 supermatrix representation. The super Lie algebra su(2,2|4) can be realized by using
8× 8 supermatrices M satisfying STrM = 0 and the reality condition
M
†H+HM = 0 , M =
(
A B
C D
)
, (B.1)
where STrM ≡ TrA−TrD and the Hermitian matrix H is defined as
H ≡
(
Σ 04
04 14
)
, Σ ≡
(
02 −iσ3
iσ3 02
)
= σ2⊗σ3 . (B.2)
A trivial element satisfying the above requirement is the u(1) generator
Z = i
(
14 04
04 14
)
, (B.3)
and the psu(2,2|4) is defined as the quotient su(2,2|4)/u(1) .
The psu(2,2|4) has an automorphism Ω defined as
Ω(M ) =−K M stK −1 , K =
(
K 04
04 K
)
, (B.4)
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where K is a 4× 4 matrix
K ≡
0 −1 0 01 0 0 0
0 0 0 −1
0 0 1 0
 , K−1 =−K , (B.5)
and M st represents the supertranspose of M defined as
M
st =
(
A −C
B D
)
. (B.6)
By using the automorphism Ω (of order four), we decompose g= psu(2,2|4) as
g= g(0)⊕g(1)⊕g(2)⊕g(3) , (B.7)
where Ω(g(k)) = ik g(k) (k = 0,1,2,3) and the projector to each vector space g(k) can be
expressed as
P(k)(M )≡ 1
4
[
M + i3kΩ(M )+ i2kΩ2(M )+ ik Ω3(M )
]
. (B.8)
Bosonic generators. The bosonic generators of psu(2,2|4) algebra, Pa and Jab, can be
represented by the following 8× 8 supermatrices:
{Pa} ≡ {Paˇ ,Paˆ} , {Jab} ≡ {Jaˇbˇ ,Jaˆbˆ} ,
Paˇ =
(
1
2 γaˇ 04
04 04
)
, Jaˇbˇ =
(− 12 γaˇbˇ 04
04 04
)
(aˇ, bˇ= 0, . . . ,4) ,
Paˆ =
(
04 04
04 − i2 γaˆ
)
, Jaˆbˆ =
(
04 04
04 − 12 γaˆbˆ
)
(aˆ, bˆ= 5, . . . ,9) ,
(B.9)
where we defined 4× 4 matrices γaˇ ≡ (γaˇiˇ jˇ) (iˇ, jˇ = 1, . . . ,4) and γaˇ ≡ (γaˇiˇ jˇ) (iˆ, jˆ = 1, . . . ,4)
{γaˇ} ≡
{
γ¯0 , γ¯1 , γ¯2 , γ¯3 , γ¯5
}
, {γaˆ} ≡
{−γ¯4 ,−γ¯1 ,−γ¯2 ,−γ¯3 ,−γ¯5} , (B.10)
γ¯1 =
 0 0 0 −10 0 1 0
0 1 0 0
−1 0 0 0
, γ¯2 =
 0 0 0 i0 0 i 0
0 −i 0 0
−i 0 0 0
, γ¯3 =
0 0 1 00 0 0 1
1 0 0 0
0 1 0 0
,
γ¯0 =−i γ¯4 =
 0 0 1 00 0 0 −1−1 0 0 0
0 1 0 0
, γ¯5 = i γ¯1 γ¯2γ¯3γ¯0 =
1 0 0 00 1 0 0
0 0 −1 0
0 0 0 −1
,
(B.11)
and their antisymmeterizations γaˇbˇ ≡ γ[aˇγbˇ] and γaˆbˆ ≡ γ[aˆγbˆ]. Here, γ¯µ (µ = 0, . . . ,3) and
(γa)≡ (γaˇ, γaˆ) satisfy
{γ¯µ , γ¯ν}= 2ηµν , (ηµν)≡ diag(−1,1,1,1) , (γa) = KγaK−1 . (B.12)
The conformal basis, {Pµ ,Mµν , D, Kµ} , of a bosonic subalgebra su(2,2) ∼= so(2,4) that
corresponds to the AdS isometries, can be constructed from Paˇ and Jaˇbˇ as
Pµ ≡ Pµ + Jµ4 , Kµ ≡ Pµ − Jµ4 , Mµν ≡ Jµν , D≡ P4 , (B.13)
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where Pµ , Mµν , D, and Kµ represent the translation generators, the Lorentz generators, the
dilatation generator, and the special conformal generators, respectively. On the other hand, a
bosonic subalgebra su(4) ∼= so(6) that corresponds to the isometries of S5 are generated by
Paˆ and Jaˆbˆ . We choose the Cartan generators of su(4) as follows
h1 ≡ J57 , h2 ≡ J68 , h3 ≡ P9 . (B.14)
For later convenience, let us also define 16× 16 matrices γa, γˆa, and γab as
(γa)≡ (γaˇ, γaˆ) = (γaˇ⊗14, 14⊗γaˆ) ,
(γˆa)≡ (γˆaˇ, γˆaˆ) = (γaˇ⊗14, 14⊗ iγaˆ) ,
(γab)≡ (γaˇbˇ, γaˆbˆ) = (γaˇbˇ⊗14 ,14⊗γaˆbˆ) ,
(B.15)
which satisfy
(γaˇ)
† = γ0ˇ γaˇ γ0ˇ , (γaˆ)
† =−γ0ˇ γaˆ γ0ˇ , (γa) = (K⊗K)−1 γa (K⊗K) ,
(γˆaˇ)
† = γ0ˇ γˆaˇ γ0ˇ , (γˆa) = (K⊗K)−1 γˆa (K⊗K) ,
{γa, γb}= 2ηab , {γˆaˇ, γˆbˇ}= 2ηaˇbˇ , {γˆaˆ, γˆbˆ}=−2δaˆbˆ .
(B.16)
We can easily see γ
aˇbˇ
= γ[aˇ γbˇ] and γaˆbˆ = γ[aˆ γbˆ] . If we also define γˆaˇbˇ ≡ γˆ[aˇ γˆbˇ] and γˆaˆbˆ ≡ γˆ[aˆ γˆbˆ] ,
they satisfy
γˆab =−12 Rab
cd γcd , (B.17)
where Rabcd are the tangent components of the Riemann tensor in AdS5× S5, whose non-
vanishing components are
Raˇbˇ
cˇdˇ =−2δ [cˇ
[aˇ
δ
dˇ]
bˇ]
, Raˆbˆ
cˆdˆ = 2δ [cˆ
[aˆ
δ
dˆ]
bˆ]
. (B.18)
Fermionic generators. The fermionic generators (QI)αˇαˆ (αˇ, αˆ = 1, . . . ,4) are given by
(Q1)αˇαˆ =
(
04 iδ
αˇ
iˇ
K jˆαˆ
−δ αˆ
iˆ
Kαˇ jˇ 04
)
, (Q2)αˇαˆ =
(
04 −δ αˇiˇ K jˆαˆ
iδ αˆ
iˆ
Kαˇ jˇ 04
)
. (B.19)
As discussed in [10], these matrices do not satisfy the reality condition (B.1) but rather their
redefinitions QI do. The choice, QI or QI , is a matter of convention, and we here employ
QI by following [10]. We also introduce Grassmann-odd coordinates θI ≡ (θαˇαˆ)I which are
16-component Majorana–Weyl spinors satisfying
(QI θI)
†H+H (QI θI) = 0 . (B.20)
Since the matrices QI satisfy
(QI)†αˇαˆ =−iK−1αˇβˇ (Q
I)βˇ βˆ K−1
βˆ αˆ
,
H (QI)αˇαˆ H−1 = i(γ0)
βˇ
αˇ (QI)βˇ αˆ ,
(B.21)
the condition (B.20) is equivalent to the Majorana condition
θ¯I ≡ θ †I γ0 = θI (K⊗K) , (B.22)
or more explicitly,
θ¯ αˇαˆI = θIβˇ βˆ K
βˇ αˇ Kβˆ αˆ . (B.23)
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Commutation relations. The generators of su(2,2|4) algebra, Pa, Jab, QI , and Z satisfy the
following commutation relations:
[Pa, Pb] =
1
2
Rab
cd Jcd , [Jab, Pc] = ηca Pb−ηcbPa ,
[Jab, Jcd ] = ηac Jbd−ηad Jbc−ηbc Jad +ηbd Jac ,
[QI θI , Pa] =
i
2
ε IJ QJ γˆa θI , [Q
I θI , Jab] =
1
2
δ IJ QI γab θJ ,
[QI θI , Q
J ψJ ] =−iδ IJ θ¯I γˆa ψJ Pa− 14 ε
IJ θ¯I γ
ab ψJ Rab
cd Jcd− 12 δ
IJ θ¯I ψJ Z ,
(B.24)
and the psu(2,2|4) algebra is obtained by dropping the last term proportional to Z .
On the other hand, the bosonic generators {Pµ ,Mµν , D, Kµ} satisfy the so(2,4) algebra,
[Pµ , Kν ] = 2
(
ηµν D−Mµν
)
, [D, Pµ ] = Pµ , [D, Kµ ] =−Kµ ,
[Mµν , Pρ ] = ηµρ Pν −ηνρ Pµ , [Mµν , Kρ ] = ηµρ Kν −ηνρ Kµ ,
[Mµν ,Mρσ ] = ηµρ Mνσ −ηµσ Mνρ −ηνρ Mµσ +ηνσ Mµρ .
(B.25)
Supertrace and Projections. For generators of the psu(2,2|4) algebra, the supertrace
becomes
STr(Pa Pb) = ηab , STr(Jab Jcd) = Rabcd ,
STr(QIθI Q
JλJ) =−2ε IJ θ¯I λJ ,
(B.26)
where Rabcd ≡ Rabe f ηec ηd f and
ηab ≡
(
ηaˇbˇ 0
0 η
aˆbˆ
)
, η
aˇbˇ
≡ diag(−1,1,1,1,1) , η
aˆbˆ
≡ diag(1,1,1,1,1) . (B.27)
Each Z4-component g(i) is spanned by the following generators:
g(0)= spanR{Jab} , g(1)= spanR{Q1} , g(2)= spanR{Pa} , g(3)= spanR{Q2} .
(B.28)
Then, from the definition of d± (2.6),
d± ≡∓P(1)+ 2P(2)±P(3) . (B.29)
we obtain
d±(Pa) = 2Pa , d±(Jab) = 0 , d±(QI) =∓σ IJ3 QJ . (B.30)
Appendix B.2. Connection to ten-dimensional quantities
By using the 16× 16 matrices γa defined in (B.15), the 32× 32 gamma matrices (Γa)α β are
realized as
(Γa)≡
(
Γaˇ, Γaˆ
)≡ (σ1⊗ γaˇ, σ2⊗ γaˆ) . (B.31)
We can also realize the charge conjugation matrix as
C = iσ2⊗K⊗K . (B.32)
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The 32-component Majorana–Weyl fermions ΘI expressed as
ΘI =
(
1
0
)
⊗θI , (B.33)
which satisfies the chiral conditions
Γ11 ΘI = ΘI . (B.34)
The Majorana condition is given by
Θ¯I = ΘIC =
(
0 1
)⊗ θ¯I . (B.35)
This decomposition leads to the following relations between 32- and 8-component fermions:
θ¯I γˆaθJ = Θ¯IΓaΘJ , (B.36)
θ¯I γˆa γˆb θJ =−iΘ¯I Γa Γ01234Γb ΘJ = iΘ¯I Γa Γ56789Γb ΘJ , (B.37)
iσ1⊗14⊗14 = Γ01234 , σ2⊗14⊗14 = Γ56789 , (B.38)
The second relation plays an important role for a supercoset construction of the AdS5× S5
background since the R–R bispinor in the AdS5×S5 background takes the form
Fˆ 5 =
1
5!
Fˆ a1···a5 Γ
a1···a5 = 4(Γ01234+Γ56789) . (B.39)
Indeed, we obtain
θ¯I γˆa γˆbθJ =
i
8
Θ¯I Γa Fˆ 5 Γb ΘJ . (B.40)
We can also show the following relations:∗
θ¯I γˆa γbc θJ = Θ¯I Γa Γbc ΘJ , (B.41)
θ¯I γab θJ =−iΘ¯I Γ01234Γab Θ =−iΘ¯I Γ56789Γab ΘJ , (B.42)
θ¯I γab γcd θJ =−iΘ¯I Γ01234Γab Γcd ΘJ =−iΘ¯I Γ56789Γab Γcd ΘJ . (B.43)
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